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Unit-1

Logic, Semigroups & Monoids
and Lattices

PART - A : LOGIC

1.1. Logic is a science of the necessary laws of thought, without which no
employment of the understanding and the reason takes place.

Consider the following argument:
All mathematicians wear sandals
Anyone who wears sandals is an algebraist
Therefore, all mathematicians are algebraist.
Technically, logic is of no use in determining whether any of these statements

is true. However, if the first two statements are true, logic assures us that the
statement.

All mathematicians are algebraists is also true.

Example:- which of sentences are true or false (but not both)?

(@) The only positive integers that divide 7 are 1 and 7 itself.
(b) For every positive integer n, there is a prime number larger than n.
(c) Earth is the only planet in the universe that has life.

Solution:- (a) We call an integer n prime if n>1 and the only positive integers

that divide n are 1 and n itself. Sentence (a) is another way say that 7 is a

prime. Hence sentence (a) is true.

(b) Sentence (b) is another way to say that there are an infinite number of

prime. Hence (b) is true.

(d) Sentence (c) is either true or false (but not both) but no one knows which at
this time.

Definition:- A declarative sentence that is either true or false, but not both is
called a Proposition (or statement).
For example, sentences (a) to (c) in the above example are propositions.

But the sentence
Xx+y>0
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IS not a statement because for some values of x and y the sentence is true
whereas for other values of x and y it is false. For example, if x =1, y = 3, the
sentence is true, but for x =-2, y =0, it is false.

Similarly, the sentence

Take two crocins is not a statement. It is a command.

The propositions are represented by lower case letters such as p, q and r. We
use the notation p: 1+1=3 to define p to be the proposition 1+1=3.

Many propositions are composite, that is, composed of subpropositions and
various connectives. The “Composite propositions are called compound
propositions.” A proposition which is not compound is said to be primitive.
Thus, a primitive proposition cannot be broken into simpler propositions.

Example:- The sun is shining and it is cold. This is a compound proposition
composed of two propositions

The sun is shining

and

It is cold.

Connected by the connective “and”.

On the other hand, the proposition

London is in Denmark

IS primitive statement.

Definition:- The truth values of a compound statement in terms of its
component parts, is called a truth table.

1.2. Basic Logical Operations

The three basic logical operations are

1. Conjunction
2. Disjunction
3. Negation

which correspond, respectively, to “and”, “or” and “not”.

Definition:- The conjunction of two propositions p and q is the proposition

p and q.
It is denoted by p A Q.

Example:- Let

p : This child is a boy

g : This child is intelligent
Then

p A Q: This child is a boy and intelligent.
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Thus p A g is true, if the child is a boy and intelligent both.
Even if one of the component is false, p A q is false. Thus

“the proposition p A q is true if and only if the proposition p and q are both

29

true”.

The truth value of the compound proposition p A q is defined by the truth table:

P g pAg
T T T
T F F
F T F
F F F

Example:- If
p:1+41=3

g: A decade is 10 years,
then p is false, q is true and the conjunction

pAQ:1+1=3andadecadeis 10 years
is false.

Definition:- The disjunction of two proposition p and g is the proposition
porg
It is denoted by p v q.

The compound statement p v q is true if at least one of p or q is true. It is false
when both p and q are false.

The truth values of the compound proposition p v g is defined by the truth
table:

P q pvq
T T T
T F T
F T T
F F F

For example, if

p:1+1=3

g : A decade is 10 years,

then p is false, q is true. The disjunction

pv(q:1l+1=3oradecadeis10 years
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is true.

Definition:- If p is a statement, the negation of p is the statement not p,
denoted by ~p.

Thus ~p is the statement “it is not the case that p”.

Hence if p is true than ~p is false and if p is false, then ~p is true.

The truth table for negation is

p ~p
T F
F T

Example:- Give the negation of the following statements :
@p:2+3>1 (b) q: Itis cold

Solution:-
(@) ~p:2+3isnotgreater than 1. Thatis,~p:2+3 < 1.
Since p is true in this case, ~p is false.

(b) ~q : Itis not the case that it is cold. More simply, ~q : It is not cold.
Translating from English to Symbols :- We consider

Example:- Write each of the following sentences symbolically, letting p : “It is
hot” and q : ““ It is sunny™:

() Itis not hot but it is sunny
(b) It is neither hot nor sunny.

Solution:- (a) The convention in logic is that the words “but” and “and” mean
the same thing. Generally, but is used in place of and when the part of the
sentence that follows is in some way unexpected.

The given sentence is equivalent to ““ It is not hot and it is sunny” which can be
written symbolically as ~p A Q.

(c) The phrase neither A nor B means the same as not A and not B. Thus to say
“IT is neither hot nor sunny” means that it is not hot and it is not sunny.
Therefore the given sentence can be written symbolically as ~p A ~q.

Definition:- A “Statement form” or “Propositional form” is an expression
made up of statement variables (such as ~, A, v) that becomes a statement
when actual statements are substituted for the component statement variable.
The truth table for a given statement form displays the truth values that
correspond to the different combinations of truth values for the variables.
Example:- Construct a truth table for the statement form:
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(pAQ)\Vv-r.
solution:-The truth table for the given statement form is

p q r | Paq ~r (pAQ) v =1
T T T T F T
T T F T T T
T F T F F F
T F F F T T
F T T F F F
F T F F T T
F F T F F F
F F F F T T

Definition:- Two different compound propositions(or statement forms) are
said to logically equivalent if they have the same truth value no matter what
truth values their constituent propositions have.

We use the symbol = for logical equivalent.

Example:- Consider the statements forms

(a) Dogs bark and cats meow
(b) Cats meow and dogs bark

If we take

p : Dogs bark
g : Cats meow,

then (a) and (b) are in logical expression
(@ pn~q
(b) anp

If we construct the truth tables for p A g and g A p , we observe that p Aq and q
A p have same truth values.

p q PAQ
T T T p q gap
T F F T T T
F T F T F F
F F F || F T F
F F F
Thus p A g and g A p are logically equivalent. That is
PAQ=QAp

Example:- Negation of the negation of a statement is equal to the statement.
Thus
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~(~p) =p.

Solution:- The truth table of ~(~p) is

~(~p)
T

p_[~p
T | F
F T

F

Thus truth values for p and ~(~p) are same and hence p and ~(~p) are logically
equivalent. The logical equivalence ~(~p) = p is called Involution Law.

Example:- Show that the statement forms ~(p A q) and ~p A ~q are not
logically equivalent.

Solution:- Construct the truth table for both statement forms:

p 9 |-p ~q pAq_ | ~(prq) ~pA~q
T T F F T F F
T F F T F T # F
F T T F F T # F
F F T T F T T

Thus we have different truth values in rows 2 and 3 and so ~(p A @) and
~p A ~q are not topologically equivalent.

Remark:- If we consider ~p \v ~q, then its truth values shall be

F
T
T
T

and hence ~(p A ) and ~p A ~q are logically equivalent. Symbolically
~Pprg)=~pv~q @)
Analogously,
~(pva)=~pr~q (2)
The above two logical equivalence are known as De Morgan’s Laws of Logic.
Example:- Use De Morgan’s Laws to write the negation of

p : Jimis tall and Jim is thin.
Solution:-The negation of p is

~p : Jim is not tall or Jim is not thin.
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Definition:- A compound proposition which is always true regardless of truth
values assigned to its component propositions is called a Tautology.

Definition:- A compound proposition which is always false regardless of truth
values assigned to its component propositions is called a Contradiction.

Definition:- A compound proposition which can be either true or false
depending on the truth values of its component propositions is called a
Contingency.

Example:- Consider the statement form

p Vv ~p.
The truth table for this statement form is

P ~p pv-~p
T F T
F T T
T

all T’s

Hence p v ~p is a tautology.

Exercise :- Show that p A ~p is a contradiction.

Remark:- If T and c denote tautology and contradictions respectively, then we

notice that

~T=C @
and

~C=1 2
Also from the above two examples

pv-~-p=~1 3)
and

P A~p=C 4)

the logical equivalence (1), (2), (3) and (4) are known as Complement Laws.
Logical Equivalence involving Tautologies and Contradictions

If t is a tautology and c is a contradiction, then the truth tables forp A Tand p A
care:
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T T T
F T F
T T
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p C pAC
T F
F F F
T T

Same truth valuesandsop At=p Same truth valuesandsop Ac=cC

Similarly, the truth tables for p v tand p v c are

p T p v c pvce
T T T F F
F T T F F
1 _ 1 )
0 Same truth value and so
pve=p
Same truth
values
So
pvit=1t

Thus we have the following logical equivalence:
pAaT=p panc=cC
pvi=rt p v ¢ =p (universal bound laws)

These four logical equivalence are known as Identity Law.

Example:- (ldempotent Laws): Consider the truth tables forp Apand p v p
given below:

P p pApP p p pvp
T T T T T T
F F F F F F

We note that

(1) p A p and p have same truth values
(i1) p v p and p have same truth values

Hence
PpAP=pP andpvp=p

These two logical equivalence are known as Idempotent Laws.

Exercise :- Show that p Ag=g A pand pv q=q v p (these logical
equivalences are known as Commutative Laws).
Exercise :- Prove that

pAa(pva)=p
and

pv(pAag)=p.
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(These logical equivalence are known as Absorption Laws).
Exercise :- Show that

prg)ar=pa(@ar), (pvgvr=pv(gvr) (Associative Laws)
and

pAa(@@v=pEAaAq)v(pan),pv(gar)=(pvaa(pvr) (Distributive Laws)

1.3. Conditional Propositions
Definition:- If p and q are propositions, the compound proposition
if p then g or p implies q
is called a conditional proposition or implication and is denoted by
p—>q .

The proposition p is called the hypothesis or antecedent whereas the
proposition q is called the conclusion or consequent.

The connective if...then is denoted by the symbol — .

It is false when p is true and q is false, otherwise it is true. In particular, if
p is false, then p — q is true for any q.

Definition:- A conditional statement that is true by virtue of the fact that its
hypothesis is false is called true by default or vacuously true.

For example, the conditional statement

“If 3 +3 =7, then I am the king of Japan” is true simply because p:3+3=7
is false. So it is not the case that p is true and q is false simultaneously.

Thus the truth values of the conditional proposition p — q are defined by the
truth table:

P g pP—g
T T T
T F F
F T T
F F T

Each of the following expressions is an equivalent form of the conditional
statement p — Q:

p implies g
qifp
ponlyifq
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p is sufficient condition for q
q is necessary condition for p.

Example:- Restate each proposition in the form of a conditional proposition:

(@) I'will eat if I and hungry

(b) 3+5 =8 ifitis snowing

(c) when you sing, my ears hurt

(d) Ram will be a good teacher if he teaches well.

(e) A necessary condition for English to win the world series is that they sign a
right handed relief pitcher.

(F) A sufficient condition for Sohan to visit Calcutta is that he goes to Disney
land.

Solution:-

(@) If 1'am hungry, then I will eat

(b) If it is snowing, then3+5=28

(c) If you sing, then my ears hurt

(d) If Ram teaches well, then he will be a good teacher

(e) If English win the world series , then they sign a right handed relief pitcher
(F) If Sohan visit Calcutta, then he goes to Disney land.

Representation of “If .....then” as OR.

Lemma:- Show that for proposition p and g,
P—>0q=~pvq

Proof:- The truth values for p — g and ~p v g are given below:

P q p—q ~p ~pvq
T T T F T

T F F F F

F T T T T

F F T T T

i T
Same truth values

Hence

pP—>0q=~pvq

Example:- Rewrite the statement in “If....then” form:
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Either you get to work on time or you are fired.
Solution:- Let
~p : you get to work on time
and
q : you are fired
then the given statement is ~p vq. But
p : you do not get to work on time.
Hence according to above lemma, the equivalent “If....then” version of the
given statement is
If you do not get to work on time, then you are fired.

Negation of a conditional statement:- We know that p — q is false if and
only if p is true and its conclusion q is false. Also, we have shown above that

P—>Qq=~pvq
Taking negation of both sides, we have
~p—->a)=~(~pva)
=~(~p) A (~Q) (De-Morgan’s Law)
=pA~(Q (Double  negative Law or

Involution Law)

(This can also be obtained by constructing the truth tables for ~(p — q) and p A
~Q; the truth tables would have the same truth values proving the logical
equivalence)

Thus

The negation of “If p then q” is logically equivalent to “p and
not q”.

Example:- Write negations for each of the following statements:

(@) IfIamill, then I cannot go to university

(b) If my car is in the repair shop, then | cannot attend the
class.

Solution:- We know that negation of “ If p then q” is logically equivalent to “p
and not q”. Using this fact, the negations of (a) and (b) are respectively

(1) 'am ill and I can go to university
(2) My car is in the repair shop and I can attend the class.
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Remark:- The negation of a “if.....then” proposition does not start with
the word if.

Definition:- If p — q is an implication, then the converse of p — q is the
implication g — p.

Definition:- The contrapositive of a conditional statement “If p then q” is “If
~q then ~pf”.
In symbols,
The contrapositive of p — q is ~q — ~p.
Lemma:- A conditional statement is logically equivalent to its contrapositive.

Solution:- The truth tables of p — q and ~q — ~p are:

p—>q q—>-p

P q pP—q p q [P =9 ~g—>-p
T T T T T | F F T
T F F T F | F T F
F T T F T | T F T
F F T F F | T T T

1 T

Same truth values
Hence
P—>Q0q=~qQ—>-p

Example:- Give the converse and contrapositive of the implications
(a) Ifitis raining, then I use my umbrella.
(b) If today is Monday, then tomorrow is Tuesday.
Solution:- (a) we have
p: It is raining
g : I use my umbrella

The converse is g — p: If I use my umbrella, then it is raining.
The contrapositive is ~q — ~p: If | do not use my umbrella, then it is not

raining.
(b) we have
p : Today is Monday
g : Tomorrow is Tuesday

The converse is g — p : If Tomorrow is Tuesday, then today is Monday.
The contrapositive is ~q — ~p: If tomorrow is not Tuesday, then today is not
Monday.
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Definition:- The inverse of the conditional statement p — q is ~p — ~Q.

For example, the inverse of “If today is Easter, then tomorrow is Monday” is
“If today is not Easter, then tomorrow is not Monday”.

Remark:- If a conditional statement is true, then its converse and inverse may
or may not be true. For example, on any Sunday except Ester, the conditional
statement is true in the above example yet its inverse is false.

Only if:- “ p only if q “ means that p can take place only if q takes place also.
That is, if q does not take place, then p cannot take place, i.e. ~q — ~p.
Therefore equivalence between a statement and its contrapositive imply that “
if p occurs, then q must also occur”. Hence

If p and q are statements, “p only if” means “if not g, then not p” or
equivalently “if p then q”.

Remark:- “p only if q”” does not mean “p if q”.

Example:- Use contrapositive to rewrite the following statement I n” if
....then” form:

“Ram will stand first in the class only if he works twelve hours a day.”

Solution:- Version 1: We have
p : Ram will stand first in the class
q: he works twelve hours a day

The contrapositive is ~q — ~p : If Ram does not works twelve hours a day,
then he will not stand first in the class.

Version 2 : If Ram stands first in the class, then he will work twelve hours a
day.

Definition:- If p and q are statements, the compound statement “p if and only
if q” is called a Biconditional statement or an equivalence. It is denoted by p
<> (. Observe that p <> q is true only when both p and g are true or when both
p and q are false.(i.e. if both p and q have same truth values) and is false if p
and g have opposite truth values.

The biconditional statement has the following truth table:

p<q

P g p<>q
T T T

T F F

F T F

F F T
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Lemma:- Show that
p<>q=(pP—->a (@ —p)

Solution:- We know that “ p if and only if q” means that both “ p if q” and “ p
only if q” hold. This means p <> g should be logically equivalent to (p — q) A
(g — p). We verify it using the truth table:

P q p—q gq—p p>q | (p—>A(Q—p)
T T T T T T
T F F T F F
F T T F F F
F F T T T T
0 0

Same truth values
Hence

p<>q = (p—0) A (d—>p)

Remark:- It follows there for that biconditional statement can be written as the
conjunction of two “if...... then” statement namely p — g and g — p. Also we
know that

pP—>Qq=~pvq
and so

q—>p=-Qqvp
Hence

p<>a=(pP—->a)A(@—>p)
=(pva)A(~qvp)
Thus the statements having — or <> symbol are logically equivalent to
statement having ~, A and v.

Definition:- Let p and g be statements. Then p is a sufficient condition for g
means “if p then q” p is a necessary condition for q means “ if not p then not

2

q.
The hierarchy of operations of logical connectives : The order of operations

of connectives are

DAY R o o

1.4. Arguments and Their Validity

Definition:- An argument is a sequence of statements. All statements but the
final one are called premises (or assumptions or hypothesis). The final
statement is called the conclusion.
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The symbol .., read “therefore”, is generally placed just before the
conclusion.

Logical form of an argument : The logical form of an argument can be
obtained from the contents of the given argument. For example, consider the

argument:

If a man is a bachelor, he is unhappy
If a man is unhappy, he dies young
. Bachelors die young.
This argument has the abstract form
If p then q
If gthenr

Lpor,
where

p : He is bachelor
q : He is unhappy
r : He dies young
Consider another example:
If Socrates is a human being, then Socrates is mortal
Socrates is a human being

.. Socrates is mortal.

The abstract form of this argument is
If p then q
p
. q,
where
p : Socrates is human being

g : he is mortal

Definition:- An argument is said to be valid if the conclusion is true whenever
all the premises are true.

Definition:- An argument which is not true is called a fallacy.
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Method to Test Validity of an Argument

1. Identify the premises and conclusion of the argument

2. Construct a truth table showing the truth values of all the premises and
conclusion

3. Find the rows (called critical rows) in which all the premises are true.

4. In each critical row, determine whether the conclusion of the argument is
also true.

(a) If in each critical row the conclusion is also true, then the argument form
is valid.

(b) If there is at least one critical row in which conclusion is false, the
argument form is fallacy (invalid).

Example:- Show that the argument
p

P—q
g

is valid.

Solution:- The premises are p and p — g. The conclusion is g. The truth table
IS

Premises Conclusion

p qa | p p=>q q
T T T T T —Critical row
T F T F F
F T F T T
F F F T F

In the first row, all the premises are true. Therefore the first row is critical row.
The conclusion in this critical row is also true. Hence the argument is valid.

The argument (discussed above)
p
pP—q
g
is known as Law of Detachment.

Example:- Consider the following argument form

P—>q
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p
5. q
An argument of this type is
p — Q: If the last digit of this number is a 0, then this is divisible by 10
p : The last digit of this number isa 0

.. This number is divisible by 10.
The truth table for the premises and conclusion is

Premises Conclusion

Q

—Critical row

mTn 4 4o

P
T
T
F
F

M- T o
RN

T
F
T
F

The first row is critical row and the conclusion | the critical row is true. Hence
the given argument form is Valid.

The fact that this argument form is valid is called Modus ponens. This Latin
term means “Method of affirming” (since the conclusion is an affirmation).

Example:- Consider the argument form
pP—q
~q
S~p
An example of this type of argument form is
If Zeus is human, then Zeus is mortal
Zeus is not mortal

.. Zeus is not human.
The truth table for the premises and conclusion is

Premises Conclusion
p q p—q =g ~p
T T T F F
T F F T F
F T T F T
F F T T T —Critical row

The last row is critical row and conclusion in this row is also true. Hence the
argument form is valid.
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The fact that this argument is valid is called Modus Tollens which means
(Method of denying) since the conclusion is denial.

The above example can be solved by “Method of contradiction” also in the
following way : Suppose that the conclusion is false, i.e, Zeus is human. Then
by the given statement (If.....then) Zeus is mortal. But this contradicts the
premises “Zeus is not mortal”. Hence the argument is valid and so Zeus is not
human.

Exercise :- Using truth table or critical row method, show that the argument
pP—q
q—or
P
is universally valid. This argument is known as Rule of Inference or Law of
Syllogism.
Example:- Consider the argument
Smoking is healthy
If smoking is healthy, then cigarettes are prescribed by physicians

.. Cigarettes are prescribed by physicians.

Solution:- In symbols, the argument is

P
P—>q

o q
The argument is of the form Modus Ponens (or Law of Detachment) and so is
valid. However, the conclusion is false. Observe that the first premises, p :
Smoking is healthy”, is false. The second premises, p — q is then true and
conjunction of the two premises (p A (p —Q)) is false.

Example:- Fill in the blanks of the following arguments so that they become

valid inferences :

(a) If there are more pigeons than there are pigeonholes, then two pigeons
roost in the same hole.
There are more pigeons than there are pigeonholes

Solution:- (a) In logical symbols, the argument is



42

ADVANCED DISCRETE MATHEMATICS

Hence, by Modus ponens, the answer is g, that is,
Two pigeons roost in the same hole.
(b) In logical symbols, the given premises and conclusion are
pP—q
~q
Hence, by Modus tollen, the answer is ~p, that is,

This number is not divisible by 6.

Example:- Using rules of valid inference solve the problem:

(@) If my glasses are on the kitchen table, then | saw them at breakfast

(b) I was reading the newspaper in the living room or | was reading in the
kitchen

(c) If 1 was reading the newspaper in the living room. Then my glasses are on
the coffee table.

(d) 1 did not see my glasses at breakfast

(e) If I was reading my book in bed, then my glasses are on the bed table.

(F) If I was reading the newspaper in the kitchen, then my glasses are on the

kitchen table.

Where are the glasses?

Solution:-Let

: my glasses are on the kitchen table

pe]

: | saw them at breakfast

o]

- I was reading the newspaper in the living room

-

- | was reading the newspaper in the kitchen

-~

: my glasses are on the coffee table
u : I was reading my book in bed
Vv : my glasses are on the bed table.

Then the given statements are

@p—q (b)rvs ©r—>t
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(d)~q @u—->v  (fs—>p
The following deductions can be made:(1)
p—q by(a)
~q by (d)
So~p by Modus Tollen (2)

s—>p by(f)

~p by the conclusion of (1)

. ~S by Modus Tollen (3)

r vs by(b)

~S by the conclusion of (2)

o by disjunctive syllogism(4)
r—-t by(c)

r by the conclusion of (3)

oot by Modus Ponens

Hence t is true and the glasses are on the coffee table.

Contradiction Rule:- If the supposition that the statement p is false leads
logically to a contradiction, then you can conclude that p is true.

In symbols,

~p — ¢, where c is a contradiction

P

The truth table for the premise and the conclusion of this argument is given
below:

- |
c ~p—>C ..
'IE) E = P T _F|>_ —Critical row
F T F F F |

The premises and conclusion are both true in the critical row and hence the
argument is valid.

Example:- Knights and Knaves (Raymond Smullyan’s Description of an
island containing two types of people):

This island contains two types of people: knights who always tell the truth and
Knaves who always lie. A visitor visits the island and approached two natives
who spoke to the visitor as follows:

A says : B is a knight
B says : A and | are of opposite type.
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What are A and B?

Solution:- Suppose A is a knight. Because A always tells the truth, it follows
that B is a knight.

Therefore what B says is true (by the definition of Knight). Therefore A and B
are of opposite type. Thus we arrive at a contradiction: A and B are both
Knights and A and B are of opposite type. Therefore supposition is wrong.
Hence A is not a Knight. So A is a Knave. Therefore what A says is false.
Hence B is not a Knight and so is a Knave. Hence A and B are both Knaves.

1.5. Quantifiers

So far we have studied the compound statements which were made of simple
statements joined by the connectives ~, A, v, — and <. That study cannot be
used to determine validity in the majority of everyday and mathematical
situations. For example, the argument

All human being are mortal

Socrates is a human being

.. Socrates is mortal

is intuitively correct. Yet its validity cannot be derived using the methods
studied so far. To check the validity of such argument it is necessary to
separate the statements into parts-subjects and predicates. Also we must
analyse and understand the special role played by words denoting quantities
such as All or Some.

Definition:- The symbolic analysis of predicates and quantified statements is
called the predicate calculus whereas the symbolic analysis of ordinary
compound statements is called the Statement Calculus (or prepositional
calculus).

In English grammar, the predicate is the part of a sentence that gives
information about the subject. For example, in the sentence “Ram is a resident
of Karnal”, the word Ram is the subject and the phrase “is a resident of
Karnal” is the predicate. Thus, predicate is the part of the sentence from
which the subject has been removed.

In logic, predicates can be obtained by removing any nouns from a statement.
For example, if P stands for “is a resident of Karnal” and Q stands for “is a
resident of”, then both P and Q are predicate symbols. The sentences “x is a
resident of Karnal” and “x is a resident of y” are denoted as P(x) and Q(X, Y)
respectively, where x and y are predicate variables that take values in
appropriate sets.

Definition:- A predicate is a sentence that contains a finite number of
variables and becomes a statement when specific values are substituted for the
variables.
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The domain of a predicate variable is the set of all values that may be
substituted in place of the variables. The predicates are also known as
“propositional functions or open sentences”.
Definition:- Let P(x) be a predicate and x has domain D. Then the set

{x € D:P(x)is true}
is called the truth set of P(x).
For example, let P(x) be “ x is an integer less than 8 and suppose the domain

0s X is the set of all positive integers. Then the truth set of P(x) is {1, 2, 3, 4, 5,
6, 7}

Let P(x) and Q(x) be predicates with common domain D of x. The notation
P(x) = Q(x) means that every element in the truth set of P(x) is in the truth set

of Q(x).
Similarly P(x) < Q(x) means that P(x) and Q(x) have ldentical truth sets.

For example, let
P(x) be “x is a factor of 8”
Q(x) be “x is a factor of 4”
R(x)be “x<5and x #3”

and let the domain of x be set of positive integers (Zahlen).
Then

Truth set of P(x) is {1, 2, 4, 8}

Truth set of Q(x) is {1, 2, 4}
Since every element in the truth set of Q(x) is in the truth set of P(x), Q(X) =
P(x).

Further, truth set of R(x) is {1, 2, 4}, which is identical to the truth set of Q(x).
Hence R(x) < Q(x).

Definition:- The words that refer to quantities such as “All”, or “some” and
tell for how many elements a given predicate is true are called quantifiers.
By adding quantifier, we can obtain statements from a predicate.

1.6. Universal Quantifiers and Existence Of Quantifiers

Definition:- The symbol V denotes “ for all” and is called the Universal
qguantifier.
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Thus the sentence
All human beings are mortal

Can he written as
vV x € S, X is mortal,

where S denotes the set of all human being.

Definition:- Let P(x) be a predicate and D the domain of x. A statement of the
form “V x € D, P(x)” is called a universal statement.

A universal statement P(x) is true if and only if P(x) is true for every x in D
and a universal statement P(x) is false if and only if P(x) is false for at least
onex € D.

A value for x for which P(x) is false is called a Counterexample to the
universal statement.]

Example:- Let D = {1, 2, 3, 4} and consider the universal statement
P(x): VxeD,x}>x

This is true for all values of x € D since 13> 1, 2° > 2 and so on.
But the universal statement

QX):¥neN,n+2>8
is not true because if we take n = 6, then 8 > 8 which is absurd.
Definition:- The symbol 3 denotes “there exists” and is called the existential
guantifier.

For example, the sentence
expressed as

(13

There is a University in Kurukshetra” can be

3 a university u such that u is in Kurukshetra.
or, we can write

Ju e U such that u is in Kurukshetra, where U is the set of universities.

The words such that are inserted just before the predicate.

Definition:- Let P(x) be a predicate and D is the domain of x. a statement of
the form “J x € D such that P(x)” is called an Existential Statement. It is
defined to be true if and only if P(x) is true for at least one x in D.

It is false if and only if P(x) is false for all x in D.

For example the existential statement

dneN:n+3<9
is true since the set
{n:n+3<9}={1,2,3,4,5}
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IS not empty.

Example:- Let A = {2, 3, 4, 5}, then the existence statement
dneA:n’=n

is false because there is no element in A whose square is equal to itself.

Definition:- A statement of the form
¥ X, if P(x) then Q(x)

is called universal conditional statement.
Consider the statement

vV x e R, ifx>2thenx*>4
can be written in any of the form

(i) If a real number is greater than 2, then its square is greater than 4
(if) Whenever a real number is greater than 2, its square is greater than 4
(iii) The square of any real number that is greater than 2 is greater than 4.
(iv) The squares of all real numbers greater than 2 are greater than 4.

On the other hand, consider the statements
(i) All bytes have eight bits

(ii) No fire trucks are green.
These can be written as
(i) V x, if x is a byte, then x has eight bits

(i) V x, if x is a fire truck , then x is not green.
Example:- Consider the statement
(i) ¥ Polygons p, if p is a square, then p is a rectangle.
This is equivalent to the universal statement
“V squares p, p is a rectangle”.
(ii) 3 a number n such that n is prime and n is even.
This is equivalent to

“J a prime number n such that n is even”.

Remark:- Existential quantification can also be implicit. For example, the
statement

“The number 24 can be written as a sum of two even integers”
can be expressed as

“d even integers m and n such that 24 =m +n”.
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1. Universal quantification can also be implicit. For example the statement
“If a number is an integer, then it is rational number”

IS equivalent to
“V real number x, if x is an integer, then it is a rational

number.”

1.7. Negation of University Statement

Definition:- The negation of a universal statement
Vv xin D, P(x)

is logically equivalent to a statement of the form

3 x in D such that ~P(x)
Thus

~(Vx e D,P(x)) =3 x € D, ~P(x)
Hence

The negation of a universal statement “all are” is logically equivalent to an
existential statement “some are not”.
For example, the negation of

(i) “For all positive integer n, we haven +2 > 9”

is
“ There exists a positive integer n such thatn +2 % 0.
(ii) The negation of
“ All students are intelligent”
is
“Some students are not intelligent”
or
“J a student who is not intelligent”.
(iii) the negation of
“No politicians are honest”
IS
“H a politician x such that x is honest.”
or

“Some politicians are honest”.

Definition:- The negation of a universal conditional statement is defined by
~(VX, P(X) — Q(x)) = 3 x such that ~( P(x) — Q(X)).

Also we know that the negation of if-then statement is
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~ (P(X) = Q(x) ) = P(x) A ~Q(X).

Hence

~(VX, P(X) — Q(x)) = 3 x such that P(x) A ~Q(X) ,
that is,

~(VX, P(X) — Q(x)) = 3 x such that P(x) and ~Q(x).

Example:- The negation of
_ V people p, if p is blond then p has blue eyes
is
da person p such that p is blond and p does not have blue eyes.
Example:- Suppose there is a bowl and we have no ball in the bowl. Then the
statement
“All the balls in the bowl are blue”

is true “by default” or “ Vacuously true” because there is no ball in the bowl
which is not blue.

If P(x) is a predicate and the domain of X is D = {Xy, Xa,....,xp), then the
statement

Vv X € D, P(x)
and

P(X1) A P(X2) A...A P(Xp)

Are logically equivalent.
For example, let P(x) be

X.X=X
and let D = {0, 1}. Then
Vv x € D, P(x)
can be written as
V binary digits x , X. X=X

This is equivalent to
0.0=0and1.1=1

which can be written as
P(0) A P(1)

Similarly, if P(x) is a predicate and D = (X1, Xa, ...,Xn} then the statements
dx e D, P(x)
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and
P(X1) v P(X2) v....v P(Xn)

are logically equivalent.

Definition:- Let

Vv x € D, if P(x) then Q(X)
be a statement. Then
(i) Contrapositive of this statement is

Vv X € D, if ~Q(x) then ~P(x)
(if) Converse of this statement is

Vv x € D, if Q(x) then P(x)
(iii) Inverse of this statement is

V x € D, if ~P(x) then ~Q(x)

1.8. Universal Modus Ponens

The following argument form is valid

Formal Version Informal Version

V x if P(x) then Q(x) If x makes P(x) true, then x makes Q(x) true
P(a) for a particular a a makes P(x) true

- Q(a) . amakes Q(X) true.

An argument of this form is called a Syllogism. The first and second premises
are called its major premises and minor premises respectively.

Example:- Consider the argument:

If a number is even, then its square is even
K is a particular number that is even
. K%iseven

The major premises of this argument can be written as

¥V X, if X is even then x? is even
Let

P(x) : “x is even”
Qx): “x? is even”

and let k be an even number. Then the argument is
V X, iIf P(x) then Q(x)
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P(Kk) for k
- Q(k)
This form of argument is valid by universal Modus Ponens.

1.9. Universal Modus Tollens

The following argument form is valid

Formal Version Informal Version

Vv X If P(X) then Q(x) If X makes P(x) true, then x makes Q(x)
true

~Q(a) for a particular a a does not makes Q(x) true

.. ~P(@) .. a does not makes P(x) true.
Example:-

All human being are mortal
Zeus is not mortal

. Zeus is not human

The major premise of this argument can be rewritten as

V X, if x is human, then x is mortal
Let

P(x) : X is human
Q(x) : x is mortal
let Z = Zeus

Then we have
¥ X, if P(x) then Q(x)
~Q(2)
.. ~P(2)

which is valid by Universal Modus Tollens.

Example:- The argument
All professors are absent minded
Tom is not absent minded
.. Tom is not a professor.

The major premise can be written as

V X, If x is professor, then x is absent minded.
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P(X) : x is professor.
Q(X) : x is absent minded.
Z=Tom

Then we have

¥ X, if P(X) then Q(x)
~Q(2)
~.~P(2).

Hence, by Universal Modus Tollens, Tom is not a professor.

1.10. Use of Diagrams For Validity of Arguments

Consider the argument:

All human beings are mortal
Zeus is not mortal

.. Zeus is not a human being.

mortal

human
being
\/

.Zeus

Major premise Minor premise

The two diagrams fit together in only one way as shown below:

mortal

Human

being

.Zeus




LOGIC, SEMIGROUPS & MONOIDS AND LATTICES

Since Zeus is outside the mortal disc it is necessarily outside the human beings
disk. Hence the Conclusion is true.

Example:- Use a diagram to show the invalidity of the arguments

All human being are mortal
Felix is mortal

.. Felix is a human being.

Solution:- The major premise and a minor premise of the arguments are
shown in the diagrams below :

Mortal

.Felix

There are two possibilities to fit these two diagrams into a single one.

Mortal

1) (2)

The conclusion “Felix is a human being” is true in the first case but not in the
second. Hence the argument is invalid.

53
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PART B : SEMIGROUPS AND MONOIDS

1.11. Binary Operation and its Properties

Definition. Let A be a non-empty set. Then a mapping f: A x A — A is called a binary
operation. Thus, a binary operation is a rule that assigns to each ordered pair (a, b) € AxA an
element of A.

For the sake of simplicity, we write a « b in place of f(a,b).

Examples. 1. Let Z be the set of integers. Thenf: Z x Z — Z defined by f(a,b) =a « b = a+b,
a, b € Zis a binary operation on Z because the sum of two integers a and b is again an integer.

Thus, addition of integers is a binary operation.
2. Let N be the set of positive integers. Thenf: N x N — N defined by f(a,b) =a-b=a-bis

not a binary operation because difference of two positive integers need not be positive
integer. For example 2-5 is not a positive integer.

a
3. For the set N of positive integers, let f : N x N — N be defined by f(a,b) = B Then fis

a 2
not a binary operation. For example, ifa=2, b =7, then B = 7 is not a positive integer.

4. Let Z be the set of all integers. Thenf: Z x Z — Z defined by
f(a,b) = max (a, b)

is a binary operation. For example,
f(2,4)=2.4=max(24) =4 Z.

5. Let A={a, b, c}. Define«by
X+Y=X, X,yeA.

Then the table given below defines the operation «

* a b c
a a a a
b b b b
c c c c

Further, if we define . by

XY=V, X, YeEA,



LOGIC, SEMIGROUPS & MONOIDS AND LATTICES 55

then the table given below defines the operation .

a b c
a a b c
b a b c
c a b c

6. I1fA={0,1}. Then the binary operations A and v are defined by the following tables :

VAN 0 1

0 0 0

1 0 0
and

v 0 1

0 0 1

1 1 1

Properties of Binary Operation

1. Commutative Law :- A binary operation - on a set A is said to be commutative if

a-b=b.a
for any elements aand b in A.

For example, consider the set Z of integers. Since
atb=b+a andab = b.a,
fora, b € Z, the addition and multiplication operations on Z are commutative.
But, on the other hand, subtraction in Z is not commutative since, for example,
2-3+3-2

Example. Fill in the following table so that the binary operation » is commutative.

* a b c




56

We note that b « a = c, therefore, for commutativity we must have a - b = c.
Further, ¢ « a = a, hence a « ¢ should also be a.

Further, for commutativity we should have
c«b

1
[ (o

*

o

Thus ¢ « b should be a.

Note that for commutativity of «, the entries in the table are symmetric with respect to the main
diagonal.

Definition. A binary operation ~ on a set A is said to be associative if for any elements a, b, ¢
in A, we have

a-(b«c)=(a-h)«c

For example, addition and multiplication of integers are associative. But subtraction of
integers is not associative. For example,

(2-4)-5 = -7,
but
2—(4-5) =3

Theorem. Let « be a binary operation on a set A. Then any product a; = a, « ... « a, requires no
parenthesis, that is, all possible products are equal.

Proof. We shall prove this result by induction on n. Since « is associative, the theorem holds
forn=1,2and 3. Suppose [a; a, ... a,] denote any product and

(al dy ... an) = ( (al az)ag...)an

It is sufficient then to show that

[alaz. . .an] = (alaz . an)

Since [a; a, ... a,] denote arbitrary product, there is an m < n such that induction yields

[al a ... an] = [al a ... am] [am+1 an]
= [a1 d ... am] (am+1 an)

=la;a ... ap] ((@mst ... an1)an)
=([araz ... am] (@m+1 - 8n1))an
=[a;...a 1] a,

=(;... ap)ay

=(aa...a),

which proves the result.
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Definition. Let « be a binary operation on a set A. An element e in A is called an identity
element for - if for any element a € A,

axeé=€x~a =a.

Further e is called right identity if a « e = a and left identity ife xa=a forany a € A.

Let e, the left identity and e, be the right identity for a binary operation «. Then

€16, =€) since e is left identity
and
e1e,=¢€; since e, is right identity

Hence e; = e, and so identity element for a binary operation is unique.

Definition. Let » be a binary operation on a set A and let A has identity element e. Then
inverse of an element ain A is an element b such that

We shall see later on that if « is associative, then the inverse of an element, if it exits, is unique.
Definition. A binary operation «on a set A is said to satisfy the left cancellation law if

asb=a-c=>b=c

A binary operation = on a set A is said to obey right cancellation law if
ba=c+a=b=c

Let Z be the set of integers. Since
atb=a+c=>b=c
and
b+a=c+a=Db=c forab,ce Z
it follows that addition of integers in Z obeys both cancellation laws.

Similarly multiplication of integers also obey cancellation laws.

On the other hand, matrix multiplication does not obey cancellation

laws. To see it, let
11 11 0 -3
A= , B= , C= .
00 01 1 5

Then

butB=C.

1.12. Algebraic Systems
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Definition. A non-empty set together with a number of binary operations on it is called an
algebraic system.

In what follows, we shall define some algebraic systems :

Definition. A non-empty set S is said to be a semigroup if in S there is defined a binary
operation « satisfying the following property :

Ifa, b, c eSS, then
a«(b-c)=(@=+b)c (Associative Law)
Thus

A non-empty set S together with an associative binary operation « defined on S is
called a Semi-group.

We denote the semigroup by (S, »).

Definition. A semigroup (S, «) is called commutative if the binary operation « is a
commutative operation, i.e., if

asb=b+«a fora,besS.

Examples. 1. Let Z be the set of all integers. Then (Z, +) is a commutative semigroup. In
fact, ifa, b, ¢ € Z, then

(i) a b =atbisan integer. Therefore, the operation + on Z is a binary operation.
(i) a + (b+c) = (atb) + c, because associative law holds in the set of integers.
(iii) a+b= b+ a, because addition in Z is commutative.

2. The set Z of integers with the binary operation of subtraction is not a semi-group since
subtraction is not associative in Z.

3. Let S be a finite set and let F(S) be the collection of all functions f : S — S under the
operation of composition of functions. We know that composition of functions is
associative, i.e.

fo(goh) = (fog)oh, f,g,heF(S).

Hence F(s) is a semigroup.

4. The set P(S), where S is a set, together with the operation of union is a commutative
semigroup.

5. The integers modulo m, denoted by Z,, refer to the set
Z,=1{0,1,2,...,m-1} .
The addition in Z,, is defined as

a+b=r,
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where r is the remainder when a+b is divided by m. The multiplication in Z,, is defined by

ab=r,
where r is the remainder when a+b is divided by m .

For example, consider

z,={0,1,23}
The addition table is
+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
We note
(1+2)+3 = 3+3=2 and 1+(2+3)= 1+1=2
Hence
(1+2)+3 = 1+ (2+3)
In general,

(atb) +c=a+ (b+c), a,b,c e Z4
Hence Z, is a semi-group.
Definition. A non-empty set S is said to be a monoid if in S there is defined a binary
operation « satisfying the following properties :

0] Ifa, b, c €S, then
a-(b«c)=(a«h)xc (Associative Law)
(i) There exists an element e € S such that

e~a=a-e=a forallae S (Existence of identity element)
Thus :
An algebraic system (S, «) is said to be a monoid if
Q) « IS a binary operation on non-empty set S
(i) « IS an associative binary operation on S

(iii) There exists an identity element e in S.

It, therefore, follows that
A monoid is a semi-group (S, =) that has an identity element.

Example. 1. In example 3 above, identity function is an identity element for F(S). Hence
F(S) is a monoid.
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2. Let M be the set of all n x n matrices and let the binary operation « of M be taken as
addition of matrices. Then (M, «) is a monoid. In fact,

(i) The sum of two n x n matrices is again a matrix of order n x n . Thus the
operation of matrix addition is a binary operation.

(i) If A, B, C € M, then
A+ (B+C) = (A+B) + C (Associative Law)
(iii)  The zero matrix acts as additive identity of this monoid because
A+0=0+A= A forAeM.
Definition. Let A be a non-empty set. A word w on A is a finite sequence of its elements.
For example,
w =ab ab bb = ab ab®
isawordon A={a, b}.
Definition. The number of elements in a word w is called its length and is denoted by I(w).
For example, length of w in the above example is
I(w)=6
Definition. Let u and v be two words on a set A. Then the word obtained by writing down the
elements of u followed by the elements of v is called the concatenation of the words u and v
on A
For example, if A={a, b, c} and

u=ababbb andv=acbab
then
w = ab abbb ac bab = abab®acbab

is the concatenation of u and v.

Let F(A) denote the collection of all words on A under the operation of
concatenation. We note that

(uv)w =u(vw)

for u, v, w € F(A). Hence F(A) is a semigroup known as Free semigroup on A. The
elements of A are called the generator of F(A).
Also, we note that if u, v are two words, then

I(uv) =1(u) + I(v).

Further, the empty sequence, denoted by %, is also considered as a word on A. However, we
do not assume that % belongs to the free semigroup F = F(A). The set of all words on A



61

including X is usually denoted by A.. Thus A« is a monoid under concatenation. It is called
the free monoid on A.

Definition. Let (S, «) be a semigroup and T be a subset of S. If T is closed under the operation
«that is,a « b € + whenever a, b € T, then (T, ») is called a subsemigroup of (S, «).

Definition. Let (S, ») be a monoid with identity e, and let T be a non-empty subset of S. If T
is closed under the operation «and e € T, then (T, ) is called a submonoid of (S, ).

Clearly, the associative property holds in any subset of a semigroup and so a subsemigroup
(T, «) of asemigroup (S, ») is itself a semigroup.

Similarly, a submonoid of a monoid is itself a monoid.

Example. 1. Let A be the set of even positive integers. Then (A, .), where . denotes ordinary
multiplication is a subsemigroup of (N, X) since A is closed under multiplication.

Similarly, the set B of odd positive integers form a subsemigroup (B, X) of (N, X).

Also (A, +) is a subsemigroup of (N, .). But (B, +) is not a subsemigroup of (N, +) because B
is not closed under addition. For example, 1+3 = 4 which is not odd.

2. Let(S, ) beasemigroupandaeS. IfT={a:ie N}, then (T, ) isa subsemigroup of
(S, *)'

3. Let F(A) be a free semigroup on the set A = {a, b}. Let G consists of all even words, that
is, words with even length. The concatenation of two such words is also even. Thus G is
a subsemigroup of F(A).

Theorem. The inverse of every element in a semigroup with identity e is unique.

Proof. We shall use associativity of the binary operation « to prove the uniqueness of the
inverse element.

So, suppose that b and ¢ are two inverses of an element a in a monoid (S, »). Therefore, we
have

a~b=b~a=e ()

asC=c«a=e (i)
We note that

b«(a~c)= b+e, by/(ii)
= b, because e is identity (i)

and

(b«a)«c=e«c, by(i)
=, because e is identity (iv)

But associativity of binary operation « implies
b*(a*C):(b*a)*C

Hence, from (iii) and (iv) it follows that
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b=c ,
proving that inverse, if exist, of every element in a monoid is unique.

1.13 Homomorphism of
Semigroups
We discuss now a method for comparing the algebraic structures of the two
semigroups.

Definition.  Let (S, «) and (T, +') be two semigroups. A function f: S — T is called a
semigroup homomorphism if

f(a « b) = f(a) +' f(b)
foralla,b € S.
If, in addition, f is also onto, we say that T is a homomorphic image of S.

Definition. Let (S, «) and (T, «') be two semigroups. If f: S— T is both one-to-one and onto in
addition to being a homomorphism, then f is called an isomorphism from (S, ») to (T, «).

Definition. A homomorphism f from (S, ») to (T, ") is called a monomorphism if f as a map
is injective (one-to-one).

Definition. A homomorphism f from (S, ) to (T, «') is called an Epimorphism if f as a map
is surjective (onto).

Thus we may define isomorophism between two semigroups (S, «) and (T, ') as

Definition. Let (S, «) and (T, «') be two semigroups. Then a homomorphism f : (S, ) — (T,
«") is called an isomorphism if it is both monomorphism and epimorphism.

OR

Definition. Let (S, ») and (T, +') be two semigroups. Then a mapping f: S — T is called an
isomorphism if

0] f(a«b)="1(a)« f(b) foralla,b € S (semigroup homomorphism)

(i) f as a map is bijective.

Definition. Let (S, «) and (T, ') be two semigroups. If f: S — T is an isomorphism, then the
semigroups (S, «) and (T, «) are called isomorphic. In such a case (T, « ') is called isomorphic

image of (S, ).

Examples. 1. Let F(A) be the free semigroup of a set A, and let Z be the semigroup of
integers under addition. Let

f:FA)>Z
be defined by
f(w) = (w), w e F(A)

We note that, if u, v e F(A), then
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f(uv) = I(uv)
=1(u) + I(v)
= f(u) + f(v)

Hence f is a homomorphism. Here, the operation in F(A) is written multiplicatively, whereas
the operation in Z is addition.

2. Let Z be the set of integers and T be the set of all even integers. Then (Z,+)and
(T, +) are semigroups. Let

f:2->T
be defined by
f@)=2a, aeZ
We note that
(M f(at+h)=2(a+b)
=2a+2b
= f(a) + f(b)
Thus f is a homomorphism.
(i) f(a) =f(b) > 2a=2b
= a=b

Hence f is one-to-one, that is, f is monomorphism.

b
(iii) Let b be an even integer. Thena= E e Zand

w2 f2)

Thustoevery b e T, there isan a € Z such that f(a) = b.
Hence f is onto, i.e., f is epimorphism.
Hence f is an isomorphism.

Theorem. Let (S, ») and (T, +') be monoids with identities e and e’ respectively. LetF:S —
T be a homomorphism from (S +) onto (T, ). Then f(e) = €'

Proof. Let b be any element of T. Since f is surjective, there is an element a € S such that
f(a) = b. Since e is identity of S, we have
a~e=a=e~-a (1)
and so
b =f(a)=f(a-e), by (i)

=f(a) ' f(e) , because f is homomorphism
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=b. f(e)
Also,
b=f(a) =f(e - a)
= f(e) +' f(a)
=f(e) +'b
Hence

b. f(e)=fe)» b=b
and so f(e) is identity for T. Thus, f(e) =¢’.

Theorem. If f is a homomorphism from a commutative semigroup (S, «) onto a semigroup (T,
"), then (T, ) is also commutative, that is, homomorphic image of an abelian
(commutative) semigroup is abelian.

Proof. Lett;, t, € T. Since f is onto, there exist s;, S, € S such that
f(Sl) =t and f(SZ) =t

Then
t' . =1(s) « f(s2)
= f(sy +S,), since fis homomorphism
=f(s, «Sy), since S is abelian
=1(s,) « f(sy), since f is homomorphism
=t 1.
Hence (T, +') is abelian.
Remark. The converse of the above theorem is not true.

Theorem. Letf: (S, «) — (T, «') be semigroup homomorphism. If S’ is a subsemigroup of (S,
«), then the image of S’ under f is a subsemigroup of (T, +').

Proof. Let f(S’) be the image of S’ under fand let t;, t, be in f (S’). Then there are s; and s, in
S’ such that

L= f(Sl) and L= f(Sz)
We claim that f(S') is closed under the binary operation ’. It is sufficient to show thatt, «' t, €
f(S’). We have, in this direction,
tl i tz = f(Sl) i f(Sz)
=f(sy « S»), because fis homomorphism.

Now since S’ is a semigroup and s;, S, € S, we have s; « S, € S'(due to closeness of the
peration ). Hence f(s; « sp) € f(S'). It follows, therefore, that t; ' t, € f(S').

Further, since the associativity hold in T, it also holds in f(S"). Hence f(S’) is a
subsemigroup of (T, «').

Theorem. The intersection of two subsemigroups of a semigroup (S, ») is subsemigroup of (S,

).
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Proof. Let (Sy, «) and (S,, «) be two subsemigroups of the semigroup (S, «). Leta e S; ' S,
and be S;~S,. Then

aeS nS,>aeS;and ae S,

beSlmSZD beSlandbeSZ

Since S; is a subsemigroup, therefore, a, b € S; implies a « b € S;. Similarly, since S, is a
subsemigroup, a, b € S, impliesa «b € S,. Hence

asbheSnS,
Hence S; n S, is closed under the operation «. Further associativity in S; and S, implies the
associativity of S; n S, since S; » S,  S;and S; S, € S, Hence S; ' S, is a

subsemigroup of (S, ).

Corollary. Intersection of two submonoids of a monoid (S, ») is a semimonoid of (S, »).
Proof follows the same line as that in the above Theorem.

Remark. Union of two subsemigroups of a semigroup (S, «) need not be a subsemigroup of

(S, *)'
For example,

(Si,+) = {0,£2, +4, £6, +....}
and

(S5, ) ={0,£3, +6, £9,+, ...}
are subsemigroups of the semigroup (Z, +) of integers. But
S1vuS,={0,+2, £3, £4, £6,%....}
is not a subsemigroup of (Z, +), because
25 uUS,,3eS5,US,,

but 2+3=5 ¢ S; U S, showing that S; U S, is not closed under addition.

1.14. Quotient Structure

Definition. An equivalence relation R on a semigroup (S, ) is called a congruence relation if
aRa andbRb" imply (a~b) R (@ «b’).

Examples. 1. Let (Z, +) be the semigroup of integers. Consider the relation R defined on Z
by

ARbifandonlyifa= b (mod m).
We know that a = b (mod m) if m divides a—b. We note that
(1) For any integer a, we have a =a (mod m), i.e.,aRa

(i) If aR b, thena =b (mod m) = m | (a-b) = mj|(b—a) and so b = a (mod m) which
means bRa.
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(iii) IfaRbandbRc,then
a=b(mod m) and b = ¢(mod m)
= m|(a—b) and m|(b—c)
= m [(a-b) + (b—c)]
= m|(a—c)
= a=c (mod m), which means that a R c.

Thus R is reflexive, symmetric and transitive and so is an equivalence relation. Further, if
a =c (mod m) and b =d (mod m),

then
m | (a—c) and m | (b—d)

= m[[(a-c) + (b-d)]
= mi[(ath) - (c+d)]
= (a+b) = (c+d) (mod m)

= (a+b) R (c+d)
Hence R is a congruence relation.

2. Consider the semigroup (Z, .), where . denotes ordinary multiplication. Let us again
consider the relation R on Z defined by

aRb ifand only ifa=b (mod m).

This relation is an equivalence relation. Further if a=c (mod m) and b =d (mod m), then
m|(a—c) and m|(b—d)

mib(a—c) and  m|c(b—d)

n|(ab—bc) and m|(bc—cd)

m|[(ab—bc + bc—cd)]

m|(ab—cd)

uu ol

ab = cd (mod m)
Hence the relation is a congruence relation on (Z, .) .

3. Let F(A) be the free semigroup on a set A. Define u R v if u and v have the same
length. We note that

Q) U R u because u has same length as u
(i) If uR v, then u and v have same length = v and u have same length = v R u
(iii) If uR vand v R w, then u and v have same length and also v and w have same length

and so u and w have same length, that is, u R w :

Hence R is an equivalence relation. Further, letuRvand u' Rv. Then
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I(u) = I(v) and I(u") = I(V') .

Then
I(uu) = I(w)=m+n,
that is
I(uu’) = I(w')
= uw Rw

Hence R is a congruence relation on F = F(A).

4. Let (Z, +) be the semigroup of integers and let f(x) = x>-x-2. Let R be a relation defined
on Z by

aR b if and only if f(a) = f(b).

It can be shown that R is an equivalence relation. Further we note that
f(-1)=f(2)=0 andso-1R2

f(-2) =f(3)=4 andso -2 R 3.
But

f(-3) =10 and f(5) = 18,
and so
-3 R5.

Hence R is not a congruence relation.
1.15 Equivalence Classes

If R is an equivalence relation on the semi-group (S, *) , it will partition S into equivalence
classes. Let [a] be the equivalence class containing a in S and let S/R denote the set of all
equivalence classes, where R is congruence relation.

We define an operation ®© on the equivalence classes S/R by
[a] ® [b]=[a«b], a,bes

thatis ® :S/R x S/IR — S/R is defined by
© ([a]. [b]) =[a] ® [b]=[a«h]
Then we have

Theorem. Let R be a congruence relation on the semigroup (S, »). Then ® : S/R x S/IR — S/R
defined by

© ([al.[b])=[a] ©®[b]=[a~b],a,beS
is a binary operation on S/R and (S/R, ®) is a semigroup.
Proof. Suppose that ([a], [b] ) = [a'], [b']). Thena R a and b R b’. Since R is congruence

relation, this impliesa « b R a «b’. Thus [a « b] = [a" « b'], that is, © is a well defined
function. Hence ® is a binary operation S/R.
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Further we note that

[a]© ([b]® [c]) =[a]® [b=xc] (bydefinitionof ®)

[a«(bxc)] (by definitionof ®)

[ (@ = b) = c](Associativity of « in S)

= [a~b] ®[c] (by definition of ®©)

= ([a] ® [b]) ® [c] (by definition of ® )

Hence ® isan associative operation. This implies that (S5/R, ®©) is a semigroup.
The operation ® is called quotient binary relation on S/R constructed from the given binary
relation ~on S by the congruence relation R.

The semigroup (S/R, @) is called Quotient Semigroup or Factor Semigroup or
the Quotient of S by R.
Theorem. Let R be the congruence relation on the monoid (S, *), then
(S/R, ®) is a monoid.
Proof. We have shown above that (S/R, ®) is a semigroup. Further if e is
identity element in(S, » ), then [e] is the identity in (S/R, ® ). Thus (S/R, ®
) is semigroup having identity element [e] and so is @ monoid.
Theorem. Let R be a congruence relation on a semigroup (S,~) and let
(S/R, ®) be the corresponding quotient semigroup. Then the mapping ¢ :
S — S/R (called the natural mapping) defined by
o(a) = [a]
is an onto homomorphism, known as Natural homomorphism.
Proof. According to definition of ¢, to each [a] in S/R, there isa € S such
that ¢[a] = [a]. Hence ¢ is subjective. Now leta, b € S. Then
¢(a*b)=[a™>b]
= [a] © [b]
=¢(@) © ¢(b)

Hence ¢ is homomorphism onto.
Theorem (Fundamental Theorem of Semi-group Homomorphism). Letf: S
— T be a homomorphism of the semigroup (S, =) onto the semigroup (T,
«"). Let R be the relation on S defined by

aRb iff(a)=f(b)fora,b S
Then

Q) R is a congruence relation on S

(i) (S/R, ®) is isomorphic to (T, +').
(If f is not onto, them (ii) shall be “S/R is isomorphic to f(S)”.
Proof. First we show that R is an equivalence relation. We note that

Q) Since f (a) =f (a), we have aR a.
(i) If aR Db, thenf(a)=f(b)orf(b)= f(a)and hence b R a.

(i) IfaRbandbRc, then
f(a) =f (b) and f (b) = (c)
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and hence
f(a)="f(c)
andsoaRc.
Thus the relation R is reflexive, symmetric and transitive and so an
equivalence relation.
Suppose now that
aRa and bRDb".
Then
f(a)=f(") andf(b) =7 (b
Since f is homomorphism,
f(a ~ b) = f(a) + f(b)

= f(a) ' (')

=f(a' ~b")

Hence

(axb)R(a" «b")
and so R is a congruence relation.
Define

y:SIR > T
by

v ([a])=1(a).
We claim that v is well defined. Suppose [a] = [b]. w will be well defined
if f(a) = f(b). Now [a] = [b] implies a R b, that is, f(a) = f(b). Hence y isa
function (well defined).
Further, if [a], [b] € S/R, then

v([a]® [b])= w([a~b]), abes

=f(a+Db)
= f(a) +' f(b), because f is homomorphism
=y [a] " y[b]
So y is semigroup homomorphism.
Also
v([al= w([b]) = f(a)=1(b)
=aRb
= [a] = [b],

and so y isone —to —one .
Thus v, asamap, is bijective and homomorphism. Hence y is an
isomorphism and

SR =T
Remark. We have proved that the mapping ¢ : S — S/R is natural
homomorphism. Also, we proved that the mapping v : S/R — T is an
isomorphism. Thus diagram of the situation becomes
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f
S/
Also, we note that
(vod)(@ =W(d()

=y ([a])

=f(a)forallaeS.
Hence

yo¢p=f

1.16. Direct Product of Semigroups
Let (S, ) and (T, +") be two semigroups. Consider the cartesian

product S x T . Define a binary operation +"" on S x T by

(S1, t1) «"" (S2, t2) = (S1+S2, 11+ 1)
In what follows, we prove that (S x T, «”’) is a semigroup.
Theorem. Let (S, ) and (T, «") be semigroups. Then (Sx T, +")isa
semigroup under the binary operation «” defined by

(Sl, tl) ' (Sz, tz) = (S1 * Sy, T+ tz) .
Proof. If (51, t1), (S2, t2) and (s3, t3) € S x T, then
[ (51, ta) »" (S2, ©2) ]+ (Sa, t3) = (S1 % S2, ta +" t2) " (S5, 13)

= ((s1+ (52 % 53), 1 +' (1) ' 13))
= (S1% (S2 % 83), 1+ (2 +' 1))
= (S1, tg) *"" (S2 * S3, o +' 13)

= (s1, ta) " [(S2, t2) " (53, 3) ]

Hence ~"" is associative and so (S x T, «”’) is a semigroup.
Corollary. If (S, «) and (T, ") are monoids, then (S x T, «") is also a monoid.
Proof. We have proved above that (S x T, ") is a semigroup. We further
note that if es is identity of (S, ») and ey is identity of (T, «’), then for (si, t1)
€ S x T, we have

(ES, eT)*” (Sl, tl) = (ES * Sy, BT+ tl)

=(s1, ty)
and
(S1, t1) +"" (es, er) = (S1 = €s, t1 +" €7)
= (s, t1)
Thus

(S1, t1) +"" (s, €71) = (€5, €7) «""(S1, t1) = (S1, 1)
showing that (es, et) is identity element of (S x T, "), thatis, (Sx T, »"") isa
semigroup with identity (es, et) and hence is a monoid.
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PART C: LATTICES

1.17 Definitions and Examples

Definition: A lattice is a partially ordered set (L, <) in which every subset
{a, b} consisting of two element has a least upper bound and a greatest
lower bound.

We denote lub({a, b}) by a v b and call it join or sum of a and b. Similarly,
we denote GLB({a, b}) by a A b and call it meet or product of a and b.

Other symbol used are:
LUB:®,+ U

GLB:+ ., M

Thus Lattice is a mathematical structure with two binary operations, join
and meet. Lattice structures often appear in computing and mathematical
applications.

A totally ordered set is obviously a lattice but not all
partially ordered sets are lattices.
Example 1. Let A be any set and P(A) be its power set. The

partially ordered set (P(A), <) is a lattice in which the meet and
join are the same as the operations m and v respectively. If A has
single element, say a, then P(A) = {¢, {a}} and
LUB({ o, {a}) = {a}
GLB({e. {ah) =0
The Hasse diagram of (P(A), <) is a chain containing two elements ¢ and {a}
as shown below:

{a}

¢

If A has two elements, say a and b. Then P(A) = {o, {a}, {b}, {a, b}}. The
Hasse diagram of {P(A), <) is then as shown below :

{ab}
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{a} {b}

¢
We note that

1. LUB exists for every two subsets and is L w M
2. GLB exists for every two subsets and isin L n M

for L, M € P(A). Hence P(A) in a lattice.

Example 2. Consider the poset (N, <), where < is relation of divisibility. Then

N is a lattice in which
joinofaandb=a v b=L C M(a, b)
meetofaandb=a A b=G CD (a, b)fora, b e N.

Example 3. Let n be a positive integer and let D, be the set of all positive
divisors of n. Then D, is a lattice under the relation of divisibility. The Hasse
diagram of the lattices Dg, D,y and Dgq are respectively

8
4
2
1

Ds={1,2,4,8}

4’/.20\ 10

D20 = {1, 2, 4, 5, 10, 20}

e 30
6 15
10

and
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1

D3 ={1, 2, 3, 5, 6, 10, 15, 30}.
1.18. The Transitive Closure of a Relation

Definition: The Transitive closure of a relation R is the smallest transitive
relation containing R. It is denoted by R* .

Example: Let A={1, 2, 3,4} and R = [(1, 2), (2, 3), (3, 4), (2, 1)] Find the
transitive closure of R.

Solution: The digraph of R is

We note that from vertex 1, we have paths to the vertices 2, 3, 4 and 1. Note
that path from 1 to 1proceeds from 1 to 2 to 1. Thus we see that the ordered
pairs (1, 1), (1, 2), (1, 3) and (1, 4) are in R”. Starting from vertex 2, we have
paths to vertices 2, 1, 3 and 4 so the ordered pairs (2, 1), (2, 2), (2, 3) and (2, 4)
are in R. The only other path is from vertex 3 to 4, so we have

R"={(1,1),(1,2),(13),(1,4).(21). (2 2), (2.3). (2,4, B4}

Example: Let R be the set of all equivalence relations on a set A. As such R
consists of subsets of A x A and so R is a partially ordered set under the
partial order of set inclusion. If R and S are equivalence relations on A, the
same property may be expressed in relational notations as follows:

RcSifandonlyifxRy=xSyforallxy e A.

Then (R, <) is a poset. R is a lattice, where the meet of the equivalence
relations R and S is their intersection R ~ S and their join is (R u S)”, the
transitive closure of their union.

Definition: Let (L, <) be a poset and let (L, >) be the dual poset. If (L, <) isa
lattice, we can show that (L, >) is also a lattice. In fact, for any aand b in L, the
L UBofaandbin (L, <) is equal to the GLB of a and b in (L, >). Similarly,
the GLB ofaand b in (L, <) isequalto L U B in (L, >).
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The operation vand A are called dual of each other.

Example: Let S be a set and L = P(S). Then (L, <) is a lattice and its dual
lattice is (L, 2), where O represents “contains”. We note that in the poset
(L, 2), the join A v B is the set A ~ B and the meet A A B isthe set A U B.

1.19. Cartesian Product of Lattices

Theorem: If (L, <) and (L,, <) are lattices, then (L, <) is a lattice, where
L = L; x L, and the partial order < of L is the product partial order.

Proof: We denote the join and meet in L; by v4, and A; and
the join and meet in L, by v, and A, respectively. We know that
Cartesian product of two posets is a poset. Therefore L = L; x L;
is a poset. Thus all we need to show is that if (a1, b;) and (az, b,) €
L, then (a3, b1) v (a2, bo)and (ai, b)) A (az, by) existin L.

Further, we know that

(a1, b1) v (a2, b)) = (a1 viaz, b1 vaby)
and
(a1, b1) A (82, b2) = (a1 A1 @2, b1 A2D))

Since L; is lattice, a; v azand a; A aexist. Similarly, since L is a lattice,
b; vabyand by A by exist. Hence (aj, b1) v (a2, b)) and (a1, b1) A (az, by)
both exist and therefore (L, <) is a lattice, called the direct product of (L, <)
and (L, <).

Example: Let L; and L, be the lattices whose Hasse diagram are given below :

TN\,
. N

Ll I—2

Then L =L x L, is the lattice shown in the diagram below:

(11, @)
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(04, a) (04, b)

(01, 0y)
L= L1 X L2

1.20. Properties of Lattices
Let (L, <) be a lattice and let a, b , ¢ € L. Then, from the
definition of v (join) and A (meet) we have
(la<av bandb<a v b; av bisanupperbound of aand b.
(i ifa<candb<c,thena v b<c; a v bisthe least bound of a and b.
(iii)a A b<aanda A b<b; a A bisalower bound of aand b.

(iv)ifc<aandc<b,thenc< a A b; a A bisthe greatest lower bound of a
and b

Theorem: Let L be a lattice. Then for everyaand b in L,
(av b=bifandonlyifa<hb
(iaAnb=aifandonlyifa<b

(iii)a A b=aifandonlyifav b=b

Proof: (i) Letav b=Db.Sincea< a v b, we havea <b.

Conversely, if a < b, then since b < b, it follows that b is an upper bound of a
and b. Therefore, by the definition of least upper bound, a v b<b. Alsoa v b
being an upper bound, b <a v b. Hence a v b=h.

(i) Leta A b =a Sincea A b < b, we have a < b.
Conversely, if a < b and since a < a, a is a lower bound of a and b
and so, by the definition of greatest lower bound, we have

a<anab
Since a A b is lower bound,
anb<a
Hence
anb=a
(iii)  From (ii)
anb=zasac<b...... (iv)
From (i)
a<bosavb=b....... (V)

Hence, combining (iv) and (v), we have
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aAnb=acsavb=h

Example: Let L be a linearly (total) ordered set. Therefore a, b € L imply
either a < b or b < a. Therefore, the above theorem implies that

avb=a

anb=a
Thus for every pair of elements a, bin L, a v band a A b exist. Hence a
linearly ordered set is a lattice.
Theorem : Let (L, <) be a lattice and let a, b, ¢ € L. Then we have
L, : Idempotent property

(lava=a
(i)a ra=a

L, : Commutative property

(avb=bva
(iaAnb=bnaa

L : Associative property

Mavdwvcec)y=(@vbve
(iaanbac)=(@ab)ac

L, : Absorption property
Mav(anb)=a
(ilaan(@vb)=a

Proof: L; : The idempotent property follows from the definition of LUB and
GLB.

L, : Commutativity follows from the symmetry of a and b in the definition of
LUB and GLB.

L3 : (i) From the definition of LUB, we have

a<av(bvec Q)

bvc<av (bvec (2
Alsob <b v candc <b v cand so transitivity implies

b<awv(bvc) 3)
and

c<av(bveo 4

Now, (1) and (3) imply thata v (b v c) is an upper bound of a and b and hence
by the definition of least upper bound, we have
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avb<av(vo (%)
Also by (4) and (5), a v (b v ¢) isan upper bound of canda v b. Therefore
@vbvc<av(bvec (6)
Similarly
avibve)<(avbyve (7)
Hence, by antisymmetry of the relation <, (6) and (7) yield
avibve=(@vbwvece
The proof of (ii) is analogous to the proof of part (i).

L, : (i) Sincea A b <aand a < a, it follows that a is an upper bound of a A b
and a. Therefore, by the definition of least upper bound

av (@nab)<a (8)

On the other hand, by the definition of LUB, we have

a<av (aAb) 9)
The expression (8) and (9) yields

av (aab)=a

(if) Sincea<a v banda < a, it follows that a is a lower bound of a v b and a.
Therefore, by the definition of GLB,

a<aa(avb) (10)
Also, by the definition of GLB, we have
an(avb)<a (12)

Then (10) and (11) imply

an(avb)=a
and the proof is completed.
In view of L3, we can writea v (b v c)and (av b) vcasav bvc
Thus, we can express

LUB ({a1, az,....ap) asa; v az v ...... V an

GLB ({a1, az,....an) @sa; A @ A ... Aan

Remark: Using commutativity and absorption property, part (ii) of previous
Theorem can be proved as follows :



78

Leta A b =a. We note that

bv@Aanb)=bva
= a v b (Commutativity)
But
bv (anab)y=b (Absorption property)
Hence
avb=b

and so by part (i), a<b. Hencea A b=aifandonlyifa<hb.

Theorem: Let (L, <) be a lattice. Then for any a, b, ¢ € L, the following

properties hold :

1. (Isotonicity) : Ifa<b, then
(lavcec<bve
(iaanc<bac

This property is called “Isotonicity”.

2.a<candb<cifandonlyifav b<c

3.c<aandc<bifandonlyifc<a A b

4. 1fa<bandc<d, then

(lavcec<sbvd

(iaAnc<b ad.

Proof : 1 (i). We know that
av b=bifandonlyifa<hb.
Therefore, to show thata v ¢ <b v c, we shall show that
@vecv(pvcec=bvec
We note that
@vecvbve=[avecvblve
—av(cvbve
—av(bvecve
=(@avhbv(dvec

=bvc (wavb=bandcv c=c)



The part 1 (ii) can be proved similarly.

2. Ifa<c, then 1(i) implies

avb<cvb
But

b<ceobve=c
< cv b=c  (commutativity)

Hencea<candb<cifandonlyifav b<c
3. If ¢ <4, then 1(ii) implies

cAab<ananb

But
c<becab=c

Hencec<aandc<bifandonlyifc<a A b.
4 (i) We note that 1(i) implies that
ifa<b,thenav c<bvc=cwvhb
ifc<d,thencv b<dv b=bvd
Hence, by transitivity
avcec<bvd
(if) We note that 1(ii) implies that
ifa<b,thenanc<bac=cAaAb
ifc<d, thenc Ab<d A b=bAad
Therefore transitivity implies

anc<bnad
Theorem: Let (L, <) be a lattice. If a, b, ¢ € L, then
1lavbacy<(@avb)ya(@avec
2Qaan(bvec)y=(@nab)v(anac)

These inequalities are called “Distributive Inequalities”.

Proof: We have

a<avb and a<avc Q)
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Also, by the above theorem, if X <y and x < z in a lattice, then x <y A z.

Therefore (i) yields
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a<(avb)a(@vec (i)
Also

bAac<b<avhb
and

bac<c<avec,
thatis,b A c<a v bandb A c<a v cand so, by the above argument, we
have
bac<(@avb)a(avc) (i
Also, again by the above theorem if x <zandy<zina
lattice, then
Xvy<z
Hence, (ii) and (iii) yield
ac(bac)<(avba(@ve
This proves (1).
The second distributive inequality follows by using the principle of duality.
Theorem: (Modular Inequality) : Let (L, <) be a lattice. If a, b, ¢ € L, then
a<cifandonlyifav(b rnc)<(@avb)ac
Proof: We know that
a<c<avCe=cC Q)
Also, by distributive inequality,
avibac)<(@avb)ya(@vec
Therefore using (1) a < c if and only if
avbac)<(awvec)ac,

which proves the result.
The modular inequalities can be expressed in the following way also:
@nb)v@aanc)<an[bv (anac)]

@vbya(@vc)yzav[ba(avco)
Example: Let (L, <) be a latticeand a, b, c € L. Ifa<b <c, then
Mavb=bac (i)@arnb)vbac)=(@v b)) (avc).
Solution: (i) We know that

a<beoavb=b

and
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b<ceobac=b
Hence a < b <c implies
avb=bac
(if) Since a < b and b < ¢, we have

aAnb=aandb Ac=b
Thus
@anb)vbac=avb

=h,sincea<b<av b=h.

Also, a<b <c= a<cbytransitivity. Then
a<banda<c awvb=b,awvc=c

and so
@vb)a@ave=bac

=bsinceb<ceb Aac=h.
Hence
@nb)vbacy=b=(@vb)a(avrc),

which proves (ii).

1.21. Lattices as Algebraic System

Definition. A Lattice is an algebraic system (L, v, A) with two binary
operations v and A, called join and meet respectively, on a non-empty set L

which satisfy the following axioms fora, b,c € L :

1. Commutative Law :

avb=bva and aAnb=Dbnaa.
2. Associative Law :

(@vb)vc=av(vec
and

@anbac=an(nac)

3. Absorption Law :

Q) av@aab)=a



(i) an(@avb)y=a
We note that Idempotent Law follows from axiom 3 above. In fact,
ava=av[ana(awvb)] using3(ii)
-a using 3(i)
The proof of an a=a follows by principle of duality.

1.22 Partial Order Relations on a Lattice
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A partial order relation on a lattice (L) follows as a consequence of the axioms

for the binary operations v and A.
We define a relation < on L such that fora,b € L,
a<boavb=b
or analogously,
a<boanb=a.

We note that

(i) Foranya e L
ava=a (idempotent law),

therefore a < a showing that < is reflexive.

(ii) Leta < b and b < a. Therefore

avb=b

bva=a
But

a v b=Db v a(Commutative Law in lattice)
Hence

a=b,
showing that < is antisymmetric.
(iii) Suppose thata<band b <c. Therefore a v b=bandb v c=c. Then
avc=av (bvco
=(a v b) v ¢ (Associativity in lattice)
=bvec
=c ,

showing that a < ¢ and hence < is transitive.
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This shows that a lattice is a partially ordered set

1.23 Least Upper Bounds and Latest
Lower Bounds in a Lattice

Let (L, v, A) be a lattice and let a, b € L. We now show that LUB of {a, b} ¢
L with respect to the partial order introduced above is a v b and GLB of {a, b}
isa A b.

From absorption law

an(@avb=a
ba(@avb=b

Thereforea<a v band b <a v b, showing that a v b is upper bound for {a,

b}. Suppose that there exists ¢ € L such that a < ¢, b < ¢. Thus we have
avc=candbvc=c

and then

(@vbyvc=avpbvc=avecec=c,
implying that a v b <c. Hence a v b is the least upper bound of a and b.
Similarly, we can show thata A b is GLB of a and b.

The above discussion shows that the two definitions of lattice given so
far are equivalent.
Example: Let C be collection of sets with binary operations Union and

Intersection of sets. Then (C, U, ) is a lattice. In this lattice, the partial order
relation is set inclusion. In fact, for A, B € C,

AcBIiffAuB=B
Or
AcBiff AnB=A.

For example, the diagram of lattice of subsets of {a, b} is

{a, b}

<

¢
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1.24. Sublattices

Definition: Let (L, <) be a lattice. A non-empty subset S of L is called a
sublatticeof Lifa v be Sanda A b € Swheneverae S, b € S.

Or
Let (L, v, A) be a lattice and let S — L be a subset of L. Then (S, v, A)is
called a sublattice of (L, v, A)ifand only if S is closed under both

operations of join(v ) and meet(A).
From the definition it is clear that sublattice itself is a lattice.
However, any subset of L which is a lattice need not be a sublattice.

For example, consider the lattice shown in the diagram:

We note that

Q) the subset S shown by the diagram below is not a sublattice of L, since
aAbegSand avbegsS.

S

(i) the set T shown below is not a sublattice of L sincea v b ¢ T.
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I
a / b
\./ i
However, T is a lattice when considered as a poset by itself.

(iii) the subset w of L shown below is a sublattice of L:

O
Example: Let A be any set and P(A) its power set. Then (P(A), v, A)is a
lattice in which join and meet are union of sets and intersection of sets
respectively.

A family C of subsets of A such that S U Tand S ~ T are in C for S,
T e C is a sublattice of (P(A), v, A). Such a family C is called a ring of
subsets of A and is denoted by (R(A), v, A) (Thisisnotaring in the
sense of algebra). Some author call it lattice of subsets.

b

Example: The lattice (Dp, <) is a sublattice of (N, <), where < is the relation
of divisibility.

1.25 Lattice Isomorphism

Definition: Let (L;, v1, A1) and (L2, v2, A2) be two lattices. A mapping f :
L1 — Ly is called a lattice homomorphism from the lattice the lattice (L, v 1,
A1) to (Lo, v, Ap)ifforanya, b e Ly,

fa v 1 b) =f(a) v, f(b) and f(a A1 b) = f(@) A, f(h)

Thus, here both the binary operations of join and meet are preserved. There
may be mapping which preserve only one of the two operations. Such
mapping are not lattice homomorphism.

Let <; and <, be partial order relations on (Li, vi, A1) and
(Lz, v, Ap) respectively. Let f : Ly — L, be lattice homomorphism. If
a, b € Ly, then
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asibesavib=b

and so
f(b) =f(a v1b)
=f(a) v, f(b)
< f(a) <, f(b)
Thus
a<; b f(a) <, f(b)

Thus order relations are also preserved under lattice homomorphism.

If a lattice homomorphism f: Ly — L, is one-to-one and onto, then it is called
lattice isomorphism.

If there exists an isomorphism between two lattices, then the lattices are called
isomorphic.

Since lattice isomorphism preserves order relation, therefore isomorphic
lattices can be represented by the same diagram in which nodes are replaced by
images.

Theorem: Let A = {a1, a,....,an} and B = {by, by,...... bn} be any two finite
sets with n elements. Then the lattices (P(A), <) and (P(B), <) are isomorphic
and so have identical Hasse-diagram.

Proof: Consider the mapping
f: P(A) > P(B)
defined by
f({an} = {bn}, f{a, az,....,am}) ={by, bo,...... bn} form<n.

Then f is bijective mapping and L ¢ M < f(L) < f(M) for subsets L and M of
P(A). Hence P(A) and P(B) are isomorphic.

For example, let A = {a, b, c}, B = {2, 3, 5}. The Hasse-diagram of
P(A) and P(B) are then given below:

{a,b,c}

{a,b} {b,c} {2,3}
{a,

L




87

{b} {3}
{a} {c} {2} {5}

¢ ¢
Define a mapping f : P(A) — P(B) by
f(¢) = o, f({a}) = {2}, f({b}) = {3}, f({c}) = {5}
f({a, b}) = {2, 3}, f({b, c}) = {3, 5}, f({a, c}) = {2, 5}
and

f({a, b, c}) ={2, 3, 5}.

This is a bijective mapping satisfying the condition that if S and T are subsets
of A, then S ¢ T if and only if f(S) < f(T). Hence f is isomorphism and (P(A),
<) and (P(B), <) are isomorphic.

Thus, for each n = 0, 1, 2,...., there is only one type of lattice and this lattice
depends only on n, the number of elements in the set A, and not on A. It has 2"
elements. Also, we know that if A has n elements, then all subsets of A can be
represented by sequences of 0’s and 1’s of length n. We can therefore label the
Hasse diagram of a lattice (P(A), <) by such sequence of 0’s and 1°s.

For example, lattices of P(A) and P(B) of the last example can be
labeled as below:

111
110/‘ 011

10

01
100 001

000

The lattice so obtained is named B,. The properties of the partial order in B,
can be described directly as follows:

Let X =a; a.....a, and y = by b,.....b, be any two elements of B,. Then

(1) x<yifandonly if ax <by, k=1, 2,.....,n, where ax and by are 0 or 1.

(2) X A Yy =C1Co....cn, Where cx = min(ak, by).
(3)x v y=d; d; ....dn, where dx = max(ax, hg).
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(4) x has a complement X’ = z; z5...... zn Where zx = 1 if xx = 0 and zx = 0 if x
=1

Remark: (Bn, <) under the partial order < defined above is isomorphic to
(P(A), ©), when A has n elements. In such a case x <y corresponds to S ¢
T, x v y corresponds to S w T and x’ corresponds to A°.

Example : Let Dg ={1, 2, 3, 6}, set of divisors of 6. Then Dg is isomorphic to
B,. In fact f : Dg — B, defined by
f(1) = 00, f(2) = 10, f(3) = 01, f(6) = 11

is an isomorphism.
6

2 /. 3 10 /1\. 01
N \

1 00

Ds BZ

Example: Let A = {a, b} and P(A) = {o, {a}, {a, b}} then the lattice (P(A), ©)
is isomorphic to the lattice (Dg, 1) with divisibility as the partial order relation.
In fact, we define a mapping f : Dg — P(A) by

f(1) = ¢, f(2) = {a}, f(3) = {b}, f(6) = {a, b},
then f is bijective and we note that
12 = {o} c {a} & f(1) < f(2)

2|6 < {a} c {a, b} < f(2) = f(6)
and so on.

Hence f is isomorphism.

.
o~

-

a,b}

|—\\ /c»

o3  {a} / o {0}
N

N

P ({a, b})
Definition: Let (L, v, A) be a lattice. Then lattice homomorphismf: L —
L is called an endomorphism.

Definition: Let (L, v, A) be lattice. Then the lattice isomorphism f: L—L
is called an automorphism.
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If f: L — L is an endomorphism, then the image set of f is sublattice of L.

Definition: Let (A, <) and (B, <’) be two partially ordered sets. A mapping f
: A — B is called order preserving relative to the ordering <in A and <" in
Bifffora,b € A,

a<b=f(a) < f(b)

If A and B are lattices and f : A — B is a lattice homomorphism, then f is
order preserving.

Definition: Two partially ordered sets (A, <) and (B, <") are said to be order
isomorphic if there exists a mapping f : A — B which is bijective and both f
and f* are order preserving.

For lattices (A, <) and (B, <’), an order isomorphism is equivalent to
lattice isomorphism. Hence lattices which are order-isomorphic as partially
ordered sets are isomorphic.

Let (L, v, A) be alattice and let S = {ay, a....,an} be a finite subset
of L. Then

LUB of Sis represented by a; v @, v .....v a,
GLB of Sisrepresented by a; A a, A...... A an

Definition: A lattice is called complete if each of its non-empty subsets has a
least upper bound and a greatest lower bound.
Obviously, every finite lattice is complete.

Also every complete lattice must have a least element, denoted by 0 and a
greatest element, denoted by I. The least and greatest elements if exist are
called bound (units, universal bounds) of the lattice.

1.26 Bounded, Complemented and Distributive Lattices

Definition: A lattice L is said to be bounded if it has a greatest element |
and a least element 0.

For the lattice (L, v, A) with L ={ay, az,....,an},
a1V V.. van=landa; A ay A....... Aan=0

Example : The lattice Z* of all positive integers under partial order of
divisibility is not a bounded lattice since it has a least element (the integer 1)
but no greatest element.
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Example: The lattice Z of integers under partial order < (less than or equal
to) is not bounded since it has neither a greatest element nor a least element.

Example: Let A be a non-empty set. Then the lattice (P(A), <) is bounded.
Its greatest element is A and the least element is empty set ¢.

If (L, <) is a bounded Lattice, then foralla e L
O<acx<l
av0=aan0=0
avi=laanl=a

Thus 0 acts as identity of the operation v and | acts as identity of the
operation A.

Definition: Let (L v, A, 0, ) be a bounded lattice with greatest element |

and the least element 0. Let a € L. Then an element b € L is called a
complement of a if

a vb=landa A b=0
It follows from this definition that
0 and | are complement of each other.

Further, | is the only complement of 0. For suppose that ¢ = | is a
complement of 0 and ¢ € L, then

Ovc=land0 A c=0
But 0 v ¢ =c. Therefore c = | which contradicts c = I.
Similarly, 0 is the only complement of I.

Definition: A lattice (L, v, A, 1, 0) is called complemented if it is bounded
and if every element of L has at least one complement.

Example: The lattice (P(A), <) of the power set of any set A is a bounded
lattice, where meet and join operations on e(A) are m and w respectively.
Its bounds are ¢ and A. The lattice (P(A), ©) is complemented in which the
complement of any subset B of Ais A —b.

Example: Let L" be the lattice of n tuples of 0 and 1, where partial
ordering is defined for a = (ay, az...,an) , b =(by, by, ....., by) € L"
by
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aibsa<h foralli=1,2,....n,

where < means less than or equal to. Then (L", <) is lattice which is
bounded. For example, the bounds are (0, 0, 0) and (1, 1, 1) for L3,

(1,1,2)

(1,1,0) (0,1,1)
(1,0,0 (0,0,2)
(0,0,0)
The complement of an element of L" can be obtained by interchanging 1 by 0
and 0 by 1 in the n-tuple representing the element. For example,

complement of (1, 0, 1) in L3 is (0, 1, 0).
Definition: A lattice (L, v, A) is called a distributive lattice if for any
elementsa, bandcin L,

l)aan(bvcec)=(@aanb)v(anac)
2av(bAac)=(@v b)a(avc

Properties (1) and (2) are called distributive properties.
Thus, in a distributive lattice, the operations A and v are distributive
over each other.

We further note that, by the principle of duality, the condition (1) holds if
and only if (2) holds. Therefore it is sufficient to verify any one of these
two equalities for all possible combinations of the elements of a lattice.

If a lattice L is not distributive, we say that L is non-distributive.

Example: For a set S, the lattice (P(S), <) is distributive. The meet and join
operation in P(S) are ~ and v respectively. Also we know, by set
theory, that for A, B, C € P(S),

AnBuC=(AnB)UAnC)

AuBnNC)=(AuB)n(AuC).

Example: The five elements lattices given in the following diagrams are
non distributive.
I I

N
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0o
(i)
0 (i)

In fact for the lattice (i), we note that

anlbvec=anl=a,
while

@anb)v(@aanc)=bv0=Db
Hence

anlbvez(@aab)v(@anac,
showing that (i) is non-distributive.

For the lattice (ii) , we have

an(bvc)=anl=a,

while

@anb)v@aac)=0v0=0.
Hence

anlbvez(@aab)v(@anac,

showing that (ii) is also non-distributive

Example: The lattice shown in the diagram below is distributive:
|

a\/c

The distributive properties are satisfied for any ordered triplet chosen
from the given elements.

Theorem: A lattice L is non distributive if and only if it contains a sublattice
isomorphic to any one of the following two five-element lattices:

¢
[
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0
(The Proof of this theorem is out of the scope of this book)
Example: Is the following lattice a distributive lattice ?

a\.o/b

Solution: The given lattice is not distributive since {0, a, d, e, 1} is a
sublattice which is isomorphic to the five-element lattice shown below :

=
G

Theorem: Every chain is a distributive lattice.

Proof: Let (L, <) be a chain and a, b, ¢ € L. We shall show that
distributive law holds for any a, b, c € L. Two cases arise :
Case 1. Leta <bora<c. In this case

an(bvecec)=a
and
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(@Ab)v(@AancCc)=a
and hence

anbvec)=(@aanb)v(anc
Also, by Principle of Duality

anbvec)=(avb)a@avec
Casell. Letb<a or c<a. Thenwe have

anbvec)=(bvec
and
@anb)v(aanc)=(bvec
Hence
an(bvcec=(bveco
Hence distributive law holds for any a, b, c € L.

Theorem: The direct product of any two distributive lattices is a
distributive lattice.

Proof: Let (L;, <1) and (L, <) be two lattices in which meet and join are
A1, vi1 and A, v respectively. Then meet and join in L; x L, are
defined by

(a1, b1) A (a2, b2) = (a1 A1 @z, b1 A2 D) Q)
and
(a1, b1) v (@2, by) = (a1 v1az by vaby) (2)
Since L; is distributive,
a A(@ vi ag)= (a1 A1) vi(a Aras) (3)
Since L is distributive,
b1 A2(b2 vz b3) = (01 A2b2) v (b A2 b3) 4)
Therefore
(a1, b1) A[(a2, b2) v (as, bs)]
= (a1, b1) A[(a2 v1as, bz vabs)]
=[(a1 A1 (a2 vias), b1 A2 (b2 v bs)]
=[(a1 A182) vi(a1 A1a3), (b1 A2Db2) v (b1 A2 bs)]

(using (3) and (4))
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and using (1) and (2), we have
[(@1, b1) A (a2, b2) ] v [((a1, b1) A (a3, bs)]
= (a1 A1 @2 by A2 b)) v (a1 A1as by A2 b3)
=[(a1 A1@2) vi(ar Aras), (b1 A2b2) v (b1 A2 bs)]
Hence
(a1, b1) A (82, b2) v (@3, bs)] = [(a1, b1) A (a2, b2) Tv [((a1, b1) A (a3, B3],
proving that L; x L, is distributive.

Theorem: Let L be a bounded distributive lattice. If a complement of any
element exists, it is unique.

Proof: Suppose on the contrary that b and c are complements of the
elementa € L. Then
avb=lI avce=l
a Ab=0 anc=0
Using distributive law, we have
b=bvO0
=bv(a ac
=(bvaabveo
=(@avb)a(bveo
=1lAn((bvec)

=bvece
Similarly,
c=cv O

=cv(@aab)
=(cvaa(cvb
=(@avec)a(cv b
=l A(cv b

=l A(bvec)
=bvec

Hence b =c.
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Definition: Let (L, A, v) be a lattice. An element a € L is said to be join-
irreducible if it cannot be expressed as the join of two distinct elements of
L.

In other words, a € L is join-irreducible if forany b,c e L
a=bvc=a=bora=c.

For example, prime number under multiplication have this property. In
fact if p isa prime number, thenp=ab = paorp=hb.

Clearly 0 is join — irreducible.

Further, if a has at least two immediate predecessors, say b and c as in the
diagram below:

a
i / \ C
Thena=Db v cand so ais not join — irreducible.

On the other hand if a has a unique immediate predecessor c, then

a = sup(bs, by) = by v b, for any other elements b; and b, because ¢
would lie between by, b, and a.

|
SN

In other words, a = 0 is join irreducible if and only if a has a unique
predecessor.

Definition: Those elements, which immediately succeed 0, are called atoms.

From the above discussion, it follows that the atoms are join-irreducible.

However, lattices can have other join-irreducible elements. For example,
the element c in five-element lattice is not an atom, even then it is join
irreducible because it has only one immediate predecessor, namely a.
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c/I
9
N

Let a be an element of a finite lattice which is not join irreducible, then we
can write

a=bvec

If b and ¢ are not join irreducible, then we can write them as the join of
other elements. Since L is finite we shall finally have

a=d; v dyvd;v..... v dy (@)
where di,i=1, 2, ...,n are join-irreducible. If d; precedes d;, then d; v d; =
d;, so we delete d; from the expression. Thus d’s are irredundant, i.e., no d
precedes any other d.
The expression (1) need not be unique. For example, in lattice shown above

I=av bandl=b v c.

Theorem: Let (L, A, v) be a finite distributive lattice. Then every a in L
can written uniquely (except for order) as the join of irredundant join
irreducible elements.

Proof: Let a € L. Since L is finite, we can express a as the join of
irredundant join irreducible elements (as discussed above). To prove
unigueness let

a=bivbyv...vby=cv_C Ve VvV Cn,

where b; are irredundant join-irrducible and c; are irrdundant and join-
irreducible. For any given i, we have

bi<(b; v byv...vby)=civ v v Cm,
Hence

bi = bi A (C1 V C2 Vieeeww V Cm)
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= (bl A Cl) \V (b, A C2) V ceesoesns \ (b| AN Cm)

Since b; is join-irreducible, there exists j such that b; = b; A ¢j and so b; <
Cj-

Similarly, for c; there exists a by such that ¢; < bx. Hence
b; < Ci< by ,

which gives b; = ¢j = by since b; are irredundant. Hence b; and ¢ may be
paired off. Hence the representation for a is unique except for order.

Theorem: Let L be a complemented lattice with unique complements. Then
the join irreducible elements of L, other than 0, are its atoms.

Proof: Suppose a is join irreducible and is not an atom. Then a has a
unique immediate predecessor b = 0. Let b’ be the complement of b
(complement exists since L is complemented). Since b 0, b’ = 1. If a
precedes b’, then b<a<b’,andsob v b’ =b’"which is impossible
since b v b’ = 1. Thus a does not precede b’ and so a A b’ must strictly
precede a. Since b is the unique immediate predecessor of a, we also have
thata A b’ precedes b. Buta A b’ precedes b’.

a

N

anb
Hence
aAnb<inf(bb)=bAb'=0
Thusa A b'=0. Sincea v b =a, we also have
avb=@vb)vb=av(bvb)
=av =1

Therefore b’ is a complement of a. Since complements are unique, a = b.
This contradicts the assumption that b is an immediate predecessor of a.
Thus the only join irreducible elements of L are its atoms.

Combining this result with the above-proved theorems, we have

Theorem: Let L be a finite complemented distributive lattice. Then every
element ain L is the join of a unique set of atoms.
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Unit-2
Boolean Algebra

2.1. Definitions and Examples

Definition: A non-empty set B with two binary operations v and A, a unary
operation ’, and two distinct elements 0 and | is called a Boolean Algebra if
the following axioms holds for any elements a, b, ¢ € B:

[B1]: Commutative Laws:

avb=bva and anb=bnaa
[B2]: Distributive Law:

anlbvec=@@nb)v(@anclandav (b Ac)=(@v b) A(avc)
[Bs]: Identity Laws:

avO0=a and a Al=a
[B4]: Complement Laws:

ava=I and anana=0
We shall call 0 as zero element, 1 as unit element and a’ the complement of a.

We denote a Boolean Algebraby (B, v, A,~,0,1).

Example 1. Let A be a non-empty set and P(A) be its power set. Then the set
algebra (P(A), U, m, —, ¢, A) is a Boolean algebra.

Example 2 : Let B = {0, 1} be the set of bits (binary digits) with the binary
operations v and A and the unary operation ' defined by the following

tables:
v 1 0 A 1l F ! 1
1 1 1 , 1 1 0 0
1
01 O 0 0 O

Here the operations v and A are logical operations and
complement of 1 is 0 whereas complement of O is 1. Then (B, v, A,
", 0, 1) is a Boolean Algebra. It is the simplest example of a two-
element algebra.

Further, a two element Boolean algebra is the only Boolean algebra whose
diagram is a chain.
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Example 3 : Let B, be the set of n tuples whose members are either O or 1. Let
a = (ai, az,....,an) and b = (by, ba,....,by) be any two members of B,. Then we
define

avib=(ar v by a v by,......an v by)
anitb=( A by, a2 A ba,....;an A D),
where v and A are logical operations on {0, 1}, and
a'=(~a, ~a...,~an) ,
where~0=1and~1=0.

If O, represents (0, 0,.....,0) and 1,= (1, I,...... ,1), then (Bn, v1, A1, ', On, 1)
is a Boolean algebra.

This algebra is known as Switching Algebra and represents a switching
network with n inputs and one output.

Example 4. The poset D3y = {1, 2, 3, 5, 6, 10, 15, 30} has eight element.
Define v, A and’ on D3y by

av b=lcm(a, b) , a A b=gcd(a b) and a’=—.

Then Dgy is a Boolean Algebra with 1 as the zero element and 30 as the unit
element.

Example 5: Let S be the set of statement formulas involving n statement
variables. The algebraic system (S, A, v, ~, F, T) is a Boolean algebra in
which A, v, ~ denotes the operations of conjunction, disjunction and negation
respectively. The element F and T denotes the formulas which are
contradictions and Tautologies respectively. The partial ordering
corresponding to A, v is implication = .

We have seen that B, is a Boolean algebra. Using this fact, we can also define
Boolean algebra as follows:

Definition: A finite lattice is called a Boolean Algebra if it is isomorphic with
B, for some non-negative integer n.

For example, Dg is isomorphic to Bs. In fact, the mapping f: D3y — B3 defined
by

f(1) =000, f(2)=100, (3)=010, f(5) =001,

f(6) = 110, f(10)=101, f(15)=011, (30) = 111
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is an isomorphism. Hence D3 is a Boolean algebra.

If a finite L does not contain 2" elements for some non-negative integer n,
then L cannot be a Boolean Algebra.

For example, consider D = {1, 2, 4, 5, 10, 20} that has 6 elements and 6 = 2"
for any integer n > 0. Therefore, Dy is not a Boolean algebra.

If | L | = 2", then L may or not be a Boolean Algebra. If L is
isomorphic to By, then it is Boolean algebra, otherwise it is not.

For large value of n, we use the following theorem for determining
whether Dy is a Boolean Algebra or not.

Theorem: Let

where p; are distinct primes, known as set of atoms. Then D, is a Boolean
algebra.

Proof: Let A = {p1, p2......px}- If B < A and ag is the product of primes in B,
then %g|n. Also any divisor of n must be of the form % for some subset B of A,
where we assume that a, = 1. Further, if C and B are subsets of A, then C — B
if and only if °c['s. Also

aCmB = ac A aB = ng(aC ) aB )

and
a

—a Vv.a _ a a
CB= C s =lcm (°c, “g)
Thus the function f : P(A) — D, defined by

f(B) =

is an isomorphism. Since P(A) is a Boolean algebra, it follows that D, is also a
Boolean algebra.

For example, consider Dy, D3g, D210, Dgs, Dsas. VWWe notice that

(i) 20 cannot be represented as product of distinct primes and so Dy is not a
Boolean algebra.

(i) 30 = 2.3.5, where 2, 3, 5 are distinct primes. Hence D3 is a Boolean
Algebra.

(i) 210 = 2.3.5.7 (all distinct primes) and so D2y is a Boolean algebra.

(iv) 66 = 2.3.11 (product of distinct primes) and so Dgg is a Boolean algebra.
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(v) 646 = 2.17.19 (product of distinct primes) and so Dgss iS a Boolean
Algebra.

Duality: The dual of any statement in a Boolean algebra B is obtained
by interchanging v and A and interchanging the zero element and unit
element in the original statement.

For example, thedualof a A 0=0 is a A I=1

Principle of duality: The dual of any theorem in a Boolean Algebra is
also a theorem.
(Thus, dual theorem is proved by using the dual of each step of the proof of
the original statement).

2.2 Properties of a Boolean Algebra
Theorem: Let a, b and ¢ be any elements in a Boolean algebra (B, v, A/,
0, 1). Then
1. ldempotent Laws:
(lava=a (ilana=a

2. Boundedness Laws:

Mavi=l (ilaA0=0
3. Absorption Laws:
av(@ab)=a (ilaan(@vb)y=a

4. Associative Laws:
M@vbvcec=avbvec)(i)@nb)yac=an(bac)

Proof: It is sufficient to prove first part of each law since second part
follows from the first by principle of duality.
1. (i). We have

a=a v 0 (by identity law in a Boolean algebra)

=a v(a na’) (by complement law)
=(awva) a(a v a) (by distributive law)
=(a va) Al (complement law)

= a va (identity law) ,

which proves 1(i).
2(i) : We have
av I=(av 1) Al (identity law)

=(@av 1) A (av a)(complement law)

=a v (I A @) (Distributive law)
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=a v a’ (identity law)
= | (complement law).
3(i) : we note that
av(@aab)y=(@nal v (aab)(identity law)

=a A (I v b) (distributive law)
=a A (b v I) (commutativity)
=a A | (Identity law)

= a (identity law)

4(i) Let
L=(avb)ve, R=av(bvc)
Then
anlL=ana[(@avb)vc]

=[a An(a v b)] v (a Ac) (distributive Law)

=a v (a A c) (absorption law)

= a (absorption law)
and

aAnR=analav(bv )]
=(a n a) v (a A(b vc)] (distributive law)
=a v (a A (b v c)] (idempotent law)
= a (absorption Law)
Thusa A L=a A Randso, by duality,a vL=a vR.

Further,
aalL=a aAf(avb)vc]

=[a" A (av b)] v (@" A c) (distributive law)

=[@" A a) v(@ ab)]v (@ A c)(distributive law)
=[0, v(@ A b)] v (@" A ¢) (complement Law)
=(@ A b)] v (@ A c)(Identity law)

=a’" A(b v c) (distributive law)
On the other hand,
a AR=a" Anfav (bv )]
=(@ A a) vl[a A (b v c)] (distributive law)
=0 v [@" A (b v c)] (complement law)
=a’' A (b v ¢)] (identity law)
Hence
aAnlL=a AR andsobydualitya’ vL=a vR
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Therefore
L=(@vbvec

=0 v [(a v b) v c] =0 v L (identity law)
=(@ana)vif@avb)vc]=(@na)v L (complementlaw)
=(av L) A (@" v L) (distributive law)
=@ vR) A (@ v R)(usingA vL=a v Randa' v L=a v R]
=(a A @) v R (distributive law)
=0 v R (complement law)
= R (identity law)
Hence

(@avbyvc=av(pveo,
which completes the proof of the theorem.
Theorem: Let a be any element of a Boolean algebra B. Then
(i) Complement of a is unique (uniqueness of complement)
(i) (@")" = a (Involution law)
(iii)0'=1land1'=0
Proof: (i) Leta’ and x be two complements of a € B. Then

ava-=I and aana=0 Q)
av x=lI and aAx=0 (i)
and we have
a=a v 0 (ldentity law)
=a' v (a A X) by (ii)
=@ vana@vx (Distributive law)
=l A @ vX by (i)
=a"v x [ldentity law]
Also
x =x v 0 (ldentity law)
=xXv (anAa), by (i)
=(Xxva) A (xva) [Distributive law]
=l A(xva), (‘by (ii))
=xva=avx (Identity and commutative law)

Hence a’ = x and so complement of any element in B is unique.
(i1) Let @’ be a complement of a. Then

ava=I and anana=0
or, by commutativity ,
a'va=lI and a' Aa=0
This implies that a is complement of a’, that is,
a=(a"".

(iii) By boundedness law,
Ovi=1
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and by identity law
0Al=0
These two relations imply that 1 is the complement of 0, thatis1=0".
By principle of duality, we have then
0=1".
Theorem: Let a, b be elements of a Boolean Algebra. Then (a vb) =a’ A
b’ and (a A b)'=a’" vDb'.
Proof: we have
@vbv@ab)=((bva)v (@ Ab) (commutative)

=b v (av (@ A b)) (associative)
=b v[(@av a A (a v b)] (distributive)

=b v[l A (av b) (complement)

=b v (av b) (identity)

=bv (b v a) (commutative)
=(bvb)va (associative law)
=l va (complement law)

=1 (Identity law)

Also
@vbya@ab)=[@awv b)al b’ (associativity)

=[and)v(baad)ab=[0v(baa)] Ab

(complement) (distributive)
=(baa)ab (identity)
=bAab Aada=0Ana=0

Hence a’ A b"is complementofa v b,ie.(a v b)=a" A b’

The second part follows by principle of duality.

We have proved already that Boolean algebra (B, v, A, ’, 0, 1) satisfies
associative laws, commutative law and absorption law. Hence every
Boolean algebra is a lattice with join as v and meet as A. Also
boundedness law hold in a Boolean algebra. Thus Boolean algebra
becomes a bounded lattice. Also Boolean algebra obeys distributive law
and is complemented. Conversely, every bounded, distributive and
complemented lattice satisfied all the axiom of a Boolean algebra. Hence
we can define a Boolean algebra as

Definition: A Boolean Algebra is a bounded distributive and complemented
lattice.
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Now, being a lattice, a Boolean algebra must have a partial ordering.
Recall that in case of lattice we had defined partial ordering <bya<bifa
v b=boraaab=a.

The following result yields much more than these required conditions:
Theorem: If a, b are in a Boolean algebra, then the following are

equivalent:
)avb=b
(2aAnb=a
3)a’ v b=l
4anb=0

Proof: (1) < (2) already proved.
(1) = (3) : Suppose a v b =Db, then
avb=av(avhb)
=@ wvavhb (associativity)

=lvb=l (complement & boundedness)
Conversely, suppose a’ v b =1, then
avb=1a(avb)=(@ v b)a (av b)(byassumption of (3))
=@ Aravh (distributivity)
=0v b=b (complement & identity)
Thus (1) < (3).
Now we show that (3) < (4).

Suppose first that (3) holds. Then, using De-Morgan Law and involution,
we have
O=I'=@ vby=a"b
=a A b’” (Involution)
Conversely, if (4) holds, then
1=0=(@AaAb)=a"vb'=a"vb

Thus (3) < (4)
Hence all the four condition are equivalent.
Example: Show that the lattice whose diagram is
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0

is not a Boolean algebra.

Solution: Elements a and e are both complements of c sincec v a=1,¢c A
a=0andcwve=lcnane=0
But in a Boolean algebra complement of an element is unique. Hence the
given lattice is not a Boolean algebra.
Definition: Let (B, v, A, ', 0, 1) be a Boolean algebra and S ¢ B. If S
contains the elements 0 and 1 and is closed under the operation v, A and
1,then (S, A, v, ', 0, 1) is called Sub-Boolean Algebra.
In practice, it is sufficient to check closure with respect to the set of
operations (A, ") or (v, ") for proving a subset S of B as the sub-Boolean
algebra.
The definition of sub-Boolean implies that it is a Boolean algebra.
But a subset of Boolean algebra can be a Boolean algebra, but not
necessarily a Boolean subalgebra because it is not closed with respect to
the operations in B.
For any Boolean algebra (B, A, v, ', 0, 1), the subsets {0, 1} and the set B
are both sub-Boolean algebras.
In addition to these sub-Boolean algebras, consider now any element a € B
such that a = 0 and a = 1 and consider the set {a, a’, 0, 1}. Obviously this
set is a sub-Boolean algebra of the given Boolean algebra.

For example Dy = {1, 2, 5, 7, 10, 14, 35, 70} is a Boolean algebra
and {1, 2, 35, 70} is a subalgebra of D.

Every element of a Boolean algebra generates a sub-Boolean
algebra, More generally, any subset of B generates a sub-Boolean algebra.
Example: Consider the Boolean algebra given in the diagram below:

Verify whether the following subsets are Boolean algebras or not :
Si1={aa,0,1}
S;={a’" vb,aAn b0 1}
S3={a A bbb, a 1}
Ss={b,a A b, a,0}
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Ss={a, b, 0, 1}

Solution: The subset S; and S, are sub-Boolean algebras. The subsets S;
and S, are Boolean algebras but not sub-Boolean algebras of the given
Boolean algebra. The subset Ss is not even a Boolean algebra.
Definition: Let (Bl, A1 V1, |, 0q, 11) and (Bl, A2, Vo, ", 0y, 12) be two
Boolean algebras. The Direct Product of the two Boolean algebras is
defined to be a Boolean algebra, denoted by, (B1x By, A3y v, ",
03, 1;) in which the operations are defined for any (ai, b;) and (az, b,) € B;
x By as

(a1, b1) A3 (@2, b2) = (a1 A1d2 b1 A2Dy)

(a1, b1) va(az, b)) =(ar viaz by vaby)

(a1, b1)"" = (&', by")
03 = (01, 02) and |3 = (|1, |2)

Thus, from a Boolean algebra B, we can generate B=B x B, B*=B x B x
B etc.
2.3 Boolean Homomorphism
Definition: Let (B, A, v, ', 0,1) and (P, n, U, —, a, B) be two Boolean
Algebras. A mapping f : B — P is called a Boolean Homomorphism if all the
operations of the Boolean Algebra are preserved , thatis, foranya, b ¢ B

f(a A b) = f(a) ~ f(b)
f(a v b) = f(a) U f(b)

f(a) = f(a)
f(0) = o
f(1) =8

The above definition of homomorphism can be simplified by
asserting that f : B — P preserves either the operations A and ’ or the
operations v and .

We now consider a mapping g : B — P in which the operations A
and v are preserved. Thus g is a lattice homomorphism. Naturally g
preserves the order and hence it maps the bounds 0 and | into the least
and the greatest element respectively of the image set g(B) — P. It is
however, not necessary that g(0) = o and g(1) = B. The complements, if
defined in terms of g(0) and g(1) in g(B), are preserved, and (g(B), n, u,
—, 0(0), g(1)) is a Boolean algebra. Note that g : B — P is not a a Boolean
homomorphism, although g : B — g (B) is a Boolean homomorphism.

In any case, for any mapping from a Boolean Algebra which preserves the
operations A and v, the image set is a Boolean algebra.
A Boolean homomorphism is called Boolean isomorphism if it is bijective.

2.4. Representation Theorem
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Let B be a finite Boolean algebra. We know that an element a in B is called
an atom (or min term) if a immediately succeed the least element 0. Let A
be the set of atoms of B and let P(A) be the Boolean algebra of all subsets
of the set A of atoms. Then (as proved in chapter on lattices) each x =0 in
B can be expressed uniquely (except for order) as the join of atoms (i.e.
elements of A). So, let

X=aA1 V A2 V ceeess V dn
Consider the function
f:B— P(A)

defined by
f(x) = {as, az,...... ,an}
foreachx=a; v a; v....v a,.
Stone’s Representation Theorem: Any Boolean Algebra is isomorphic to a
power set algebra (P(S), n, U, ~, ¢, S) for some set S.
Restricting our discussion to finite Boolean Algebra B, the
representation theorem can be stated as :
Theorem: Let B be a finite Boolean Algebra and let A be the set of atoms
of B. If P(A) is the Boolean Algebra of all subsets of the set A of atoms,
then the mapping f : B — P(A) is an isomorphism.
Proof: Suppose B is finite Boolean algebra and P(A) is the Boolean algebra
of all subsets of the set A of atoms of B. Consider the mapping
f:B—>P(A)
defined by
f(x) = {a1, az,----san} ,
where X = a; v a; v....vayis the unique representation of x € B as the
join of atoms ai, ao,....,an € A. If a; are atoms, then we
know that a; A & = a; buta; A a; =0 for a; # a;.
Let x and y are in the Boolean algebra B and suppose
X=aA1 VeV ar v by v, v bg
Yy=b1 V.eevbs v C1 V.eeeee. v Ct,
where
A= { Ay, A2geeey Ar, bl, bz,...,bs, ClyeeesCty dl...,dk}
is the set of atoms of B. Then
Xvy=aVv..vavb vi.vbs v cr...vee
XAY=D1 Vv
Hence
f(x vy) ={ai, az...., ar, b1, D2,...,bs, C1, Couvensei}
= { Algeeeey A, bl,.....,bs} U {bl, bz,.....,bs, Cq, Cz....,ct}

= f(x) v f(y)
and
f(x A y) ={bs,...... ,bs}
= { g, A2.... Ay, bl,.....,bs} M {bl,.....,bs, C1,....,Ct}
=f(x) ~f(y)
Let
Y=CL Veeeens v Gt v di v...... v dg
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xvy=I andx Ay=0
andsoy =x'. Thus
f(x") =f(y) ={c1 ...... c,dieennes dg}
= { aj, A2eeeey aAr, b1, bz.....,bs}c
= (f(x))° .
Since the representation is unique, f is one-to-one and onto. Hence f is a
Boolean algebra isomorphism. Thus, every finite Boolean algebra is
structurally the same as a Boolean algebra of sets.
If a set A has n elements, then its power set P(A) has 2" elements. Thus we
have
Corollary: A finite Boolean algebra has 2" elements for some positive
integer n.
Example: Consider the Boolean algebra
D ={1,2,5,7,10, 14, 35, 70}

70
1Q/ 35
‘ 14
Pl
2 '\ /‘ 7
1
D1o
Then the set of atoms of Dyq is
A={2,5 7}
The unique representation of each non-atom by atoms is
10=2v 5
14=2v 7
35=5v7
70=2v5v7

The diagram of the Boolean algebra of the power set e(A) of the set A of
atoms is given below :

A={2,5,7}

{2,5} ./ \.{5,7}

~

2 \:}
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P(A)
We note that the diagram for D,y and P(A) are structurally the same.
2.5. Boolean Expressions
Definition: Let X;, X2,...,Xn be a set of n variables (or letters or symbols). A
Boolean Polynomial (Boolean expression, Boolean form or Boolean formula)
P(X1, X2, ...., Xp) iN the variables X, Xp, ...., X, is defined recursively as
follows:

1. The symbols 0 to 1 are Boolean polynomials

2. X1, X2, «..., Xp are all Boolean polynomials

3. 0F p(X1, X2y «eees Xp) @nd q(X1, X2, ...., Xp) are two Boolean polynomials,
then so are

P(X1, X245 «eves Xn) VvV (X1, X29 «2eey Xp)

and
P(X1, X2y «vees Xn) A 0(X1, X25 ++ee5 Xn)

4. 1f p(Xq, X2, ..., Xp) IS @ Boolean polynomial, then so is

(P(X1, X2y eeeey Xn))" _
5. There are no Boolean polynomials in the variables xi, Xz, ...., X, Other

than those obtained in accordance with rules 1 to 4.
Thus, Boolean expression is an expression built from the variables given using
Boolean operations v, A and .
For example, for variables x, y, z , the expressions

PiX, Y, )= (X v y) A Z

P2 (X, y,2) = (X v y) v(y A 1)

P3(X, ¥, 2) = (X v(y'A 2)) v(X A (y A 1))
are Boolean expressions.

Notice that a Boolean expression is n variables may or may not
contain all the b variables. Obviously, an infinite number of Boolean
expressions may be constructed in n variables.

Definition: A literal is a variable or complemented variable such as x, X, y,
y’, and so on.

Definition: A fundamental product is a literal or a product of two or more
literal in which no two literals involve the same variable.

For example,

XAZXAY ANZLXY X AYAZ
are fundamental products whereas

XAYAX AZandX AYAZAY
are not fundamental products.
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Remark: Fundamental product is also called a minterm or complete product.
In what follows we shall denote x A y by xy.
Any product of literals can be reduced to either 0 or a fundamental
product.
For example, consider x y x" z. Since X A X" =0 by complement law,
we have xyx'z = 0.
Similarly, if we consider x y z y, then sincey A y =y (idempotent
law), we have xyzy = xyz, which is a fundamental product.
Definition: A fundamental product P; is said to be contained in (or
included in) another fundamental Product P, if the literals of P, are also
literals of P,.
For example, X’ z is contained in X’ yz but X’ z is not contained in X y’ z
since x’ is not a literal of xy’z.
Observe that if Py is contained in Py, say P, = P; A Q, then, by the absorption
law,
Piv P2=Pyv(P1 AQ)=P;
For example,
XzvXyz=xz
Definition: A Boolean expression E is called a sum-of-products
expression(disjunctive Normal Form or D NF) if E is a fundamental product
or the sum (join) of two or more fundamental products none of which is
contained in another.
Definition: Two Boolean expression P(X1, X2,.....,Xn) and Q(X1, X2,.....,Xp) are
called equivalent (or equal) if one can be obtained from the other by a finite
number of applications of the identities of a Boolean algebra.
Definition: Let E be any Boolean expression. A sum of product form of E is
an equivalent Boolean sum of products expression.
Example: Consider the expression
Ei(x,y,2)=x2"+y' z+xyZ
Although the expression E; is a sum of products, it is not a sum-of-
products expression because, the product x z’ is contained in the product x
y z'. But, by absorption law, E; can be expressed as
Ei(X,¥,2)=XxZ2'+y' z+XyzZ' =xZ2' +Xyz +y'z=x72'"+y' z,
which is a sum-of-product form for E;.
2.6. Algorithm for Finding Sum-of-Products Forms
The input is a Boolean expression E. The output is a sum-of-products
expression equivalent to E.
Step 1. Use De Morgan’s Law and involution to move the complement
operation into any parenthesis untill finally the complement operation
only applies to variables. Then E will consists only sums and products of
literals.
Step 2. Use the distributive operation to next transform E into a sum of
products.
Step 3. Use the commutative, idempotent, and complement laws to
transform each product in E into 0 or a fundamental product.
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Step 4. Use the absorption law and identity law to finally transform E into
a sum of products expression.
For example, we apply the above Algorithm to the Boolean expression.
E=(xy)2) (X +2)(y +2))
Step 1. Using De Morgan’s laws and involution, we obtain
E=(xy)" v Z) (X vz)v(y vZ)
=XYVZ)AIXAZ)V (YA 2Z)
Thus E consists only of sum and products of literals.
Step 2. Using the distributive laws, we obtain
E=(xy+z)xZ+(xy+2)yz
=XYyXZ' +x72'27+xyyz+yz7
Thus E is now a sum of products.
Step 3. Using commutative, idempotent and complement law, we obtain

E=xyzZ +xz'+xyz+0
Thus each term in E is a fundamental product or 0.
Step 4. Using absorption law

XZ'+XyzZ =X+ (XZ A YY)

=x7
Hence
E=xz"+xyz+0

Step 5. Now using identity law

E=xz"+xyz,

which is the required sum-of-products expression.
2.7 Complete Sum-of-Product Expression
Definition: A Boolean expression E (X1, X2,...., Xn) IS said to be a complete
sum-of-product expression (or full disjunctive normal form or disjunctive
canonical form, or the minterm canonical form) if E is a sum-of-products
expression where each product involves all the n variables.

A fundamental product which involves all the variables is called a
minterm and there is a maximum of 2" such products for n variables.

It can be seen that “every non-zero Boolean expression E(X1, Xz,...,Xn)
is equivalent to a complete sum-of-product expression and such a
representation is unique.”
ALGORITHM FOR OBTAINING COMPLETE SUM OF PRODUCT
EXPRESSION

The input is a Boolean sum-of-products expression E(X1, X2,....,Xp).
The output is a complete sum-of-products expression equivalent to E.
Step 1. Find a product P in E which does not involve the variable x; and
then multiply P by (x; + Xi’) deleting any repeated products (This is
possible sincex +x’=1and P+ P =P).
Step 2. Repeat step 1 until every product in E is a minterm, i.e. every
product P involve all the variables.
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Example: Express X1 v X in its complete sum-of-products form in three
variables Xz, Xz, Xs.
Solution: We have, using the above stated algorithm,
X1+ Xz = [Xa(Xz + %2)] + [X2 (X1 + X1')]

= X1 X2 + X1 X2' + X2 X1+ X1 X2

=X X2+ X1 X' + X1 X

= X1 Xa( X3 + X3") + X1 X2'( X3 + X3) + X1" Xa(X3 + X'3)

= X1 X2 X3 + X1 X2 X3" + X1 Xo' X3 + Xy X2' X3" + X1" Xo X3 + X" X2 X3,

which is the complete sum-of-products form in Xy, Xz, X3.

2.8 Minimal Sum-of-Products

Consider a Boolean sum-of-products expression E. Let E_ denote the
number of literals in E (counted according to multiplicity) and let Es denote the
number of summands in E. For example, let

E=xyzZ+xX'yz+xy zZt+xyzt.
Then
E.=3+3+4+4=14andEs=3.

Let E and F be equivalent Boolean sum-of-products expressions. Then
E is called simpler than F if

(I) EL<FLand Es<F_
or

(II) E. <F_and Es<F_

Definition : A Boolean sum-of-product expression is called minimal if there
is no equivalent sum-of-product expression which is simpler than E.
There can be more than one equivalent minimal sum-of-products expressions.

Definition : A fundamental product P is called prime implicants of a Boolean
expression E if P + E = E but no other fundamental product contained in P has
this property.

For example, suppose

E=xy +xyz +x'yZ
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Then, we find first the complete-sum-of-products form of x
z'. Towards this end, we have

X7 =XxZ(y+Y)

=XZ'y+xz'y (D)
Also we know that the complete sum-of-products form is unique, A + E = E,
where A = 0 if and only if the summands in the complete sum-of-products
form for A are among the summands in the complete sum-of-products form for

E. We observe that summands x y z’ and x y’ z" in (1) are in the complete form
of E given below:

E=xy'(@z+7Z)+xyz +x'y7Z
=XY z+XY' Z'+XyzZ' +X'yZ
Therefore, by the above argument,

Xxz'+E=E
Also, the complete sum-of-products form of x is
X=X(y+y)(z+27)
=(xy+xy)(z+2)
=XYZ+XYyzZ' +Xy' z+xyz
The summand x y z of x is not a summand of E. Hence

X+E=E

Similarly, the complete sum-of-product form of z’ is
2 =2(x+X) (y +Y)
=@ x+7Z’X)(y+y)
:Z!Xy+Z!Xy!+Z!X!y+Z!X!y!
The summand x’ y’ z’ of z’ is not a summand of E. Hence

Z’+E=E.

Thus the fundamental products x and z’ contained in x z’ do not have the

property P + E = E where as x z’ has this property. Hence x z' is a prime
implicant of E.

It can be seen “a minimal sum-of-products form for a Boolean
expression E is a sum of prime implicants of E”
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2.9. Consensus of Fundamental Products

Let P, and P, be fundamental products such that exactly one variable say Xy
appears uncomplemented in one of P; and P, and complemented in the other.
Then the consensus of P, and P, is the product (without repetitions) of the
literals of P, and P, after xx and xy’ are deleted. (we do not define the
consensus of P; = x and P, = x’)

Lemma: Suppose Q is the consensus of P, and P,. Then Py + P, + Q = P; + P,.
Proof: Since the literals commute, we can assume without loss of generally
that

Pi=a;a....... art, Pa=bibs...... bs '

Q=aa....... arby bo....... bs
Now Q =Q(t+1t)=Q t+ Qt'. Because Q t contains P;, P; + Q t = Py; and
because Q t’ contain P,

P, + Qt' = P,.
Hence
P1+P2+Q:P1+P2+Qt+Qt'

=(P1+QO)+(P2+Qt)
=Py + P,

Example : Find the consensus Q of P; and P, where
(M)P1=xyz's,P,=xy't

(i) Pr=xy, Py=y
(lii)Pr=x'yz,P,=x"yt
(iv)yP1=xX'yz,P,=xyZ.
Solution: (i) Pr=xy z's,P,=xy’'t
Delete y and y’ and then multiply the literals of P, and P, (without
repetition) to obtain
Q=x27'st
(i) PL=xy, P2=y
Delete y and y’ then multiply the literal of P; and P, (without repetition) to
obtain
Q=x
(l)P1=x"yz,P;=x"yt
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In this case, no variable appears uncomplemented in one of the products
and complemented in the other. Hence P; and P, have no consensus.
(iV)yP1=X'yz,P,=xyZ.

Each x and z appear complemented in one of the products and
uncomplemented in the other. Hence P; and P, have no consensus.

CONSENSUS METHOD FOR FINDING PRIME IMPLICANTS

The following algorithm, known as consensus Method is used to find the
prime implicants of a Boolean expression.

ALGORITHM (CONSENSUS METHOD)

The input is a Boolean expression E = P; + P, +.....+ Py, where P, are
fundamental products. The output expresses E as a sum of its prime
implicants.

Step 1. Delete any fundamental product P; which includes any other
fundamental product P; (this is permissible by the absorption law)

Step 2. Add the consensus of any P; and P; providing Q does not include
any of the P; (this is permissible by the lemma P; + P, + ...+ P+ Q =P +
+Pn)

Step 3. Repeat Step 1/or Step 2 untill neither can be applied.

Example : Let

E(X,Y,2)=Xyz+X' 27 +xXyzZ +Xyz+x'yz

Then

E=xyz+x'2Z7+xyzZ +x'y z ("~x"yz include X’ 2')
=Xyz+X' zZ+xyz+x'y z+xy (consensus xy of xyz , xyz’ added)
=X'27+X'y z+xy (*-xyzand xy z' include x y)
=x"z2'+x'y z+xy+x"y (consensus X"y’ of x’ z" and x’ y’ z added)
=xX"2'+xy+xXy (-xX'y zinclude x"y’)
=x"z'+ xy + x"y'+y z' (consensus of x’z’ and xy, which is yz’, added)

After this none of the step in the consensus method will change E. Thus E
IS the sum of its prime implicants x’ ', xy, X"y’ and y z'.

Use of Consensus method for finding Minimal Sum-of-Products Form

We have seen that consensus method can be used to express a Boolean
expression E as a sum of all its prime implicants. Using such a sum, we can
find a minimal sum-of-products form for E as follows:

Algorithm: The input is a Boolean expression E = P; + P, +...... + P,
where P; are all prime implicants of E. The output expresses E as a
minimal sum-of-products.

Step 1. Express each prime implicant P as a complete sum-of-products.
Step 2. Delete one by one those prime implicants whose summands appear
among the summands of the remaining prime implicants.
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Example: Consider Boolean expression E expressed as the sum of prime
implicants in the above example. We have

E=XZ+xy+xy +y7
We first convert each prime implicant into complete sum-of-products
form. We have

X2=x2(y+y)=xXzy+xzvy

Xy=xy(@z+2z)=xyz+xyz

Xy =xXy(@z+2)=xXy z+x'y 7

yz'=yzZ(X+Xx)=yz x+yz'x
The summands of x’ z’ appear in the summands of X" y" and y z’. So we
delete x’ z' and get

E=xy+xy+yZ 1)
The summands of no other prime implicant appear among the summands
of the remaining prime implicants. Hence expression (1) is a minimal sum-
of-product form for E. In other words, none of the remaining prime
implicants is superfluous, that is, none can be deleted without changing E.

2.10 Logic Gates And Circuits
Definition: Logic circuit (or logic networks) are structures which are built
up from certain elementary circuit called logical gates.
LOGIC GATES

There are three basic logic gates. The lines (wires) entering the gate
symbol from the left are input lines and the single line on the right is the
output line.
1. OR Gate: An OR gate has input x andy and outputz=x v yorz=x+
y, where addition (or Join) is defined by the truth table. In this case the
output z =0 only when inputs x=0and y = 0.
The symbol and the truth table for OR gate are shown in the diagram

below:
X
y ® Z=X+Yy
X 'y Xty
1 1 1
1 0 1
0 1 1
0 0 O
(Truth Table for OR gate)

2. AND Gate: In this gate the inputs are x and y and output is X A Yy or X.y
or xy, where multiplication is defined by the truth table.

y— | AND Z=XAY
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X Yy Z=X AY
1 1 1
1 0 ©
0 1 0
o 0 O

(Truth Table for AND gate)
Thus output is 1 only when x =1, y =1, otherwise it is zero.

The AND gate may have more than two inputs. The output in such a case will
be 1 if all the inputs are 1.

3. NOT Gate (inverter): The diagram below shows NOT gate with input x
and output y = x’, where inversion, denoted by the prime, is defined by the
truth table:

(NOT gate)
X y=x
1 0
0 1

Truth Table for NOT gate
For example, if x = 10101, then output X’ in NOT gate shall be
x’=01010

Exercise : Draw logic circuit for a b’ + ab

Logic circuits as a Boolean Algebra: The truth tables for OR, AND and
NOT gates are respectively identical to the truth tables for the
propositions p v q (disjunction, “p or q”), p A q(Conjunction, “p
and q”) and ~ p (negation, “not p”). The only difference is that 0 and 1 are
used instead of F (contradiction) and T (tautology). Thus the logic circuits
satisfy the same laws as do propositions and hence they form a Boolean
Algebra. Hence, we have established the following:

Theorem: Logic circuits form a Boolean Algebra.

Example: Express the output of the logic circuit below as a Boolean
expression. (Here small circle represents complement (NOT))

X ° L t1
T

° ° AND

I ‘ t
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Solution: We note that

t =xy’

t, = (X+y)’

ts = (Xy)’
and so we have

t=t1+t,+13

=xy' +(x+y)+(Xy)
NAND and NOR Gates
NAND and NOR gates are frequently used in computers.

NAND gate: It is equivalent to AND gate followed by a NOT gate. Its
symbol is

Its truth table is

X 'y Xy z=(xy)
1 1 1 0
1 0 0 1
0 1 0 1
0 0 0 1

Thus, the output of a NAND gate is 0 if and only if all the inputs are 1.

NOR gate: This gate is equivalent to OR gate followed by a NOT gate. Its

symbol is
X
y % z
Gate

Its truth table is as shown as:

Xy x+y (x+y)
1 1 1 0
1 0 1 0
0 1 1 0
0 0 0 1
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Thus, the output of NOR gate is 1 if and only if all inputs are 0.

2.11 Boolean Function
We know that ordinary polynomials could produce functions by

substitution. For example, the polynomial x y + y z* produces a function
f: R® > R by letting f(x,y,z) = xy +yz°. Thus f (3, 4, 2) = 3. 4 + 4. 2° = 44,
In a similar way, Boolean polynomials involving n variables produce
functions from B, to B.
Definition: Let (B, ., +,’, 0, 1) be a Boolean algebra. A function f : B, —» B
which is associated with a Boolean expression (polynomial) is n variables
is called a Boolean function.
Thus a Boolean function is completely determined by the Boolean
expression a (X1, X2,....,Xn) because it is nothing but the evaluation function
of the expression. It may be mentioned here that every functiong : B, > B
needs not be a Boolean function.
If we assume that the Boolean algebra B is of order 2™ for m > 1, then the
number of function from B, to B is greater than 2°" showing that there are
functions from B, to B which are not Boolean functions. On the other
hand, for m = 1, that is, for a two element Boolean algebra, the number of
function from B, to B is 2°" which is same as the number of distinct
Boolean expressions in n variable. Hence every function from B, to B in
this case is a Boolean function.
Example: Show that the following Boolean expression are equivalent to
one-another. Obtain their sum-of-product canonical form.

(@) X+ y)(X" +2Z)(y +2)

(b) (x.2) + (x'y) + (y2)

(€) (x+y)(x' +2)

(d)xz+x'y
Solution: The binary valuation of the expression are

X Yy z xty X+z y+z (@ (¢) xz Xy yz (b) (d)

0O 0 O 0 1 0 O 0 0 0 0 0 O
0O 0 1 o 1 1 0 0 0 0 0 0 0
0 1 0 1 1 1 1 1 0 1 0 1 1

1 0 O 1 0 0 O 0 0 0 0 0 0
1 0 1 1 1 1 1 1 1 0 0 1 1
1 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 0 1 1 1
Since the values of the given Boolean expression are equal over every
triple of the two element Boolean algebra, they are equal.
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To find the sum-of-product canonical (complete) form, we note that (d) is in
sum-of-product form. Therefore to find complete sum-of-product form,
we have
(d)=(x2) +(x"y)
=xzy+y)+(X'y) (z+Z7)
=Xzy+xzy' +x'yz+x'y7z
METHOD TO FIND TRUTH TABLE OF A BOOLEAN FUNCTION
Consider a logic circuit consisting of 3 input devices X, y, z. Each
assignment of a set of three bits to the input X, y, z yield an output bit for
z. There are 2" = 2% = 8 possible ways to assign bits to the input as
follows:
000, 001, 010, 011, 100, 101, 110, 111.
The assumption is that the sequence of first bits is assigned to x, the
sequence of second bits to y, and the sequence of third bits to z. Thus the
above set of inputs may be rewritten in the form
x =00001111,y =00110011, z=01010101

These three sequences (of 8 bits) contain the eight possible combination of
the input bits.
The truth table T = T(L) of the circuit L consists of the output t that
corresponds to the input sequences X, Y, z.
The truth table is same as we generally have written in vertical columns.
The difference is that here we write X, y, z and t horizontally.

Consider a logic circuit L with n input devices. There are many
ways to form n input sequences Xi, X,....,Xn SO that they contain 2"
different possible combinations of the input bits (Each sequence must
contain 2" bits).
The assignment scheme is:
X1 : Assign 2™ bits which are 0 followed by 2" bits which are 1.
X, : Assign 2" bits which are 0 followed by 2" bits which are 1.
X3 : Assign 2" bits which are 0 followed by 2™ bits which are 1.
and so on.
The sequence obtained in this way is called “Special Sequence”. Replacing
0 by 1 and 1 by 0 in the special sequences yield the complements of the
special sequences.
Example: Suppose a logic circuit L has n = 4 input devices x, vy, z, t. Then
2" = 2* = 16 bit special sequences for x, y, z, t are
x = 0000000011111111 (2° = 8 zeros followed by 8 ones)
y = 0000111100001111 (2" = 2*2 = 4 zeros followed by 4 ones)
z=0011001100110011 (2™ = 22 = 2 zeros followed by 2 ones)
t = 0101010101010101 (2™* = 2** = 2° = 1 zeros followed by 1 one)
ALGORITHM FOR FINDING TRUTH TABLE FOR A LOGIC
CIRCUIT LWHERE OUTPUT T IS GIVEN BY A BOOLEAN
SUM-OF-PRODUCT EXPRESSION IN THE INPUTS.
The input is a Boolean sum-of-products expression t(Xi, X2y« .es.).
Step 1. Write down the special sequences for the inputs x;, X,....and their
complements
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Step 2. Find each product appearing in t(Xi, Xo,....) keeping in mind that
X1, X2,....=1 is a position if and only if all x;, X,.....have 1 in the position.
Step 3. Find the sum t of the products keeping in mind that x; + X + .....=
0 in a position if and only if all X1, X,,.....have 0 in the position.

2.12 Representation of Boolean Functions using Karnaugh
Map

Karnaugh Map is a graphical procedure to represent Boolean function as
an “or” combination of minterms where minterms are represented by
squares. This procedure is easy to use with functions f: B, — B, if n is not
greater than 6. We shall discuss this procedure for n = 2, 3, and 4.

A Karnaugh map structure is an area which is subdivided into 2" cells, one
for each possible input combination for a Boolean function of n variables.
Half of the cells are associated with an input value of 1 for one of the
variables and the other half are associated with an input value of 0 for the
same variable. This association of cell is done for each variable, with the
splitting of the 2" cells yielding a different pair of halves for each distinct
variable.

Case of 1 variable: In this case, the Karnaugh map consists of 2* =
squares.

0 i
!
X

The variable x is represented by the right square and its complement x’ by
the left square.

Case of 2 variables: For n = 2, the Boolean function is of two variable, say x
and y. We have 2% = 4 squares, that is, a 2 x 2 matrix of squares. Each
squares contains one possible input from B..

The variable x appears in the first row of the matrix as x’ whereas x
appears in the second row as x. Similarly y appears in the first column as
y’ and as y in the second column.

0 1 y' y
0 oo |01 X'
X!y! X!y
110 |1
Xy’ Xy X

(2 variable Karnaugh Map)
In this case, x is represented by the points in lower half of the map and y
is represented by the points in the right half of the map.
Definition: Two fundamental products are said to be adjacent if they have
the same variables and if they differ in exactly one literal. Thus there must
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be an uncomplemented variable in one product which is complemented in
the other.

For example, if P, =xy z"and P, = x y’ 7', then they are adjacent.
The sum of two such adjacent products will be a fundamental product with one
less literal.

For example, in the case of above mentioned adjacent products,
Pi+Py=xyz +xy z/=xz'(y+y)=xz"(1)=x27.

We note that two squares in Karnaugh map above are adjacent if
and only if squares are geometrically adjacent, that is, have a side in
common.

We know that a complete sum-of-products Boolean expression E(X,
y) is a sum of minterms and hence can be represented in the Karnaugh
map by placing checks in the appropriate square. A prime implicant of
E(x, y) will be either a pair of adjacent squares in E or an isolated square (a
square which is not adjacent to other square of E(x, y)). A minimal sum of
products for E(X, y) will consists of a minimal number of prime implicants
which cover all the square of E(X, y).

Example : Find the prime implicants and a minimal sum-of-products form
from each of the following complete sum-of-products Boolean expression:
@E =xy+xy (D)Ex=xy+xy+xy
(©)Ez=xy+x'y".
Solution: (a) The Karnaugh map for E; is
V'V

XI

x |
Check the squarestorresponding to x y and x y’. We note that E; consists
of one prime implicant, the two adjacent square designated by the loop.
The pair of adjacent square represents the variable x. So x is the only
prime implicant of E;. Consequently E; = X is its minimal sum.

(b) The Karnaugh map for E; is

y' y

] [ ¥

Y

N

Check the squares corresponding to x y, X" y, X" y'. The expression E,
contains two pairs of adjacent squares (designated by two loops) which
include all the squares of E,. The vertical pair represents y and the
horizontal pair x’. Hence y and x’ are the prime implicants of E,. Thus
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EZ(X!y):X,+y
is minimal sum.

(c) The Karnaugh map for E3 is

X’ X!y!

X Xy
v

Check (tick) the squares corresponding to x y and x’" y’. The expression E;
consists of two isolated squares which represent x y and x’ y’. Hence and x
y and x’ y’" are the prime implicants of Ez and so E3 = xy + X" y' is its
minimal sum.

Case of 3 variables: We now turn to the case of a function f: B; — B which
is function of x, y and z. The Karnaugh map corresponding to Boolean
expression E(X, y, z) is shown in the diagram below:

y' y
00 01 11 10 y'z' y’z' yE yz,’
0 0oo| oo1|o11 {010 X' wyz | xyz | xyz |xyz
1| 100| 101| 111|110 X | xXy'Z' | xy'z | xyz | xyz'

Here X, y, z are respectively represented by lower half, right half and
middle two quarters of the map.

Similarly, X', y’, z’ are respectively represented by upper half, left half and
left and right quarter of the map.

Definition: By a Basic Rectangle in the Karnaugh map with three variables,
we mean a square, two adjacent squares or four squares which form a
one-by four, or a two by-two rectangle. These basic rectangles corresponds
to fundamental products of three, two and one literal respectively.

Further, the fundamental product represented by a basic rectangle
is the product of just those literals that appear in every square of the
rectangle.

Let a complete sum of products Boolean expression E(X, vy, z) is
represented in the Karnaugh map by placing checks in the appropriate
squares. A prime implicant of E will be a maximal basic rectangle of E,
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I.e., a basic rectangle contained in E which is not contained in any larger
basic rectangle in E.

A minimal sum-of-products form for E will consist of a minimal
cover of E, i.e., a minimal number of maximal basic rectangles of E which
together include all the squares of E.

Example: Find the prime implicants and a minimal sum-of-products form
for each of the following complete sum of products Boolean expressions :

(@) Ei=xyz+xyz +xX'yz+Xyz
(b) E,=xyz+xyz' +xy z+x'yz+xy'z
(© Es=xyz+xyz +xX'yz+x'y'z

Solution: (a) The Karnaugh map for E; is

!

y'z y'z yz z
X!
© ()

We check the four x ires corfesponding v | v ands in E;. Here
E1 has three pri nplicanty (maximal basjc \.ectapngles) which are
encircled. These are x yly-z—and-xy—z-Al e-are-heeded to cover E;.
Hence minimal sum for E; is
Ei=xy+yzZ +X'y z
(b) The Karnaugh may f~~ = i~
y'z y'z yz yz'

<

>
Check the squa X Hfrespongin, e gummands. E, has two prime
implicants whi ¢ circledl. e two adjacent squares which
represent x y, and the other 15 the two-by-two square which represents z.
Both are needed to cover E; so the minimal sum for E; is

Ex=xy+z

(c) The Karnaugh map for Es is

\Vivdd \Viv4 \V74 vz’
7 7 7 7

, QD
X v

corresponding tQ v mands. Here E; has
Ints x y} yz’, x"|y’. All thes/ arg needed in a minimal
Es has minimal sum as

Es=xy+yzZ +x'y

Check the sc
three prime i X
cover of E3. F

"

fat

M
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Remark : To find the fundamental product represented by a basic
rectangle, find literals which appear in all the squares of the rectangle.
Case of 4 Variables: We consider a Boolean function f : B, — B, considered
as a function of x, y, z and t. Each of the 16 squares (2%) corresponds to one
of the minterms with four variables.

XYZt XYZU iiiiiiiiiinnnnn Xyz't

We consider first and last columns to be adjacent, and first and last

rows to be adjacent, both by Wrap around, and we look for rectangles
with sides of length some power of 2, so the length is 1, 2 or 4. The
expression for such rectangles is given by intersecting the large labelled
rectangles.

00 01 11 10

0000 | 0001 | 0011 | 0010

00
01| 0100 | 0101 |0111 |0110

11| 1100 1101 |1111 |1110
10

1000 | 1001 | 1011 | 1010

B z' z
X!y!Z!t! X!ylzlt X!ylzt X!ylzt!
XI
xX'yz't Xyz't | Xyzt |Xyzt y
xyz't Xyz't xXyzt | Xyzt’
X y’
xy'z't Xy'z't xy'zt | xy'zt/ (J
Sl
tl

A basic rectangle in a four variable Karnaugh map is a square, two
adjacent squares, four squares which form a one-by-four or two by two
rectangle or eight square squares which form a two by four rectangle.
These rectangle correspond to fundamental product with four, three, two
and one literal respectively. Maximal basic rectangles are prime
implicants.

Example: Find the fundamental product P represented by the basic
rectangle in the Karnaugh map given below :
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y't zZ't zt zt

Xy

Xy’ QD

Solution: We find the literals which appear in all the squares of the basic
rectangle. Then P will be the product of such literals.
Here x, y’, ' appear in both squares. Hence
P=xy'Z7
is the fundamental product represented by the basic rectangle in question.
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Unit-3
Graph Theory

3.1. Definitions and Examples

Definition: A graph G = (V,E) is a mathematical structure consisting of two
finite sets V and E. The elements of V are called Vertices (or nodes) and the
elements of E are called Edges. Each edge

is associated with a set consisting of either one or two vertices called its
endpoints.

The correspondence from edges to endpoints is called edge-endpoint
function. This function is generally denoted by y. Due to this function, some
author denote graph by G = (V, E, y).

Definition: A graph consisting of one vertex and no edges is called a trivial
graph.

Definition: A graph whose vertex and edge sets are empty is called a null
graph.

Definition: An edge with just one end point is called a loop or a self loop.
Thus, a loop is an edge that joins a single endpoint to itself.

Definition: An edge that is not a self-loop is called a proper edge.

Definition: If two or more edges of a graph G have the same vertices, then
these edges are said to be
parallel or multi-edges.

Definition: Two vertices that are connected by an edge are called adjacent.
Definition: An endpoint of a loop is said to be adjacent to itself.
Definition: An edge is said to be incident on each of its endpoints.

Definition: Two edges incident on the same endpoint are called adjacent
edges.

Definition: The number of edges in a graph G which are incident on a vertex is
called the degree of
that vertex.

Definition: A vertex of degree zero is called an isolated vertex.

Thus, a vertex on which no edges are incident is called isolated.

Definition: A graph without multiple edges (parallel edges) and loops is
called Simple graph.

Notation: In pictorial representations of a graph, the vertices will be denoted
by dots and edges by line segments.
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Example: 1. Let
V={1,2,3, 4} and E = {ey, e,, €3, €4, €5}.

v (1) = v (es) ={1, 2}
v (e2) = {4, 3}
Y (eS) = {1! 3}
v (es) ={2, 4}

We note that both edges e; and es have same endpoints {1, 2}. The endpoints
of e, are {4, 3}, the endpoints of e; are {1, 3} and endpoints of e, are {2, 4}.
Thus the graph is

e

Let y be defined by

1 ‘ 2 €s
or €3 €4
€3
6, 3 = 4
3
4 €7

The edges e, and ez are adjacent edges because they are incident on the same
vertex B.

2. Consider the graph with the vertices A, B, C, D and E pictured in the figure
below.

.

D oE

In this graph, we note that
No. of edges =5

Degree of vertex A=4
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Degree of vertex B =2
Degree of vertex C =3
Degree of vertex D=1
Degree of vertex E=0

Sum of the degree of vertices=4+2+3+1+0=10
Thus, we observe that

5

> deg(vi) =2e ,

i=1
where deg(v;) denotes the degree of vertex v; and e denotes the number of
edges.

Euler’s Theorem: (The First Theorem of Graph Theory): The sum of the
degrees of the vertices of a graph G is equal to twice the number of edges
in G.

(Thus, total degree of a graph is even)

Proof: Each edge in a graph contributes a count of 1 to the degree of two
vertices (end points of

the edge), That is, each edge contributes 2 to the degree sum. Therefore the
sum of degrees of the

vertices is equal to twice the number of edges.

Corollary: There must be an even number of vertices of odd degree in a given
graph G.
Proof: We know, by the Fundamental Theorem, that

deg(vi) = 2 x no. of edges
i=1
Thus the right hand side is an even number. Hence to make the left-hand side

an even number there
can be only even number of vertices of odd degree.

Remarks: (i) A vertex of degree d is also called a d-valent vertex.

(ii) The degree (or valence) of a vertex v in a graph G is the number of proper
edges incident on v

plus twice the number of self- loops.

Theorem: A non-trivial simple graph G must have at least one pair of vertices
whose degrees are
equal.

Proof: Let the graph G has n vertices. Then there appear to be n possible
degree values, namely 0, 1, ....,n — 1. But there cannot be both a vertex of
degree 0 and a vertex of degree n — 1 because if there is a vertex of degree 0
then each of the remaining n — 1 vertices is adjacent to atmost n—2 other
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vertices. Hence the n vertices of G can realize atmost n—1 possible values for
their degrees. Hence the pigeonhole principle implies that at least two of the
vertices have equal degree.

Definition: A graph G is said to simple if it has no parallel edges or loops. In a
simple graph, an edge with endpoints v and w is denoted by {v, w}.

Definition: For each integer n > 1, let D, denote the graph with n vertices and
no edges. Then D, is called the discrete graph on n vertices.

For example, we have

° ° ° and ° ° ° ° °

D3 D5

Definition: Let n > 1 be an integer. Then a simple graph with n vertices in
which there is an edge between each pair of distinct vertices is called the
complete Graph on n vertices. It is denoted by K.

For example, the complete graphs K, Kz and K, are shown in the
figures below:

V3 V4 V3

o @
Vi V2 Vi V2 Vi V2
K, Ks K4

Definition: If each vertex of a graph G has the same degree as every other
vertex, then G is called a regular graph.
A k-regular graph is a regular graph whose common degree is k.

For example, consider Ks. The degree of each vertex in K3 is 2. Hence
K3 is regular. Similarly K, is regular. Also the graph shown below is regular
because degree of each vertex here is 2 .

V4 V3

2- regular graph

Vi \'i

But this graph is not complete because v, and v, have not been connected
through an edge. Similarly, v; and v3 are not connected by any edge.
Thus

A Complete graph is always regular but a regular graph need not

be complete.
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Example: The oxygen molecule O,, made up of two oxygen atoms linked by a
double bond can be represented by the regular graph shown below:

Q O

Definition: Let n > 1be an integer. Then a graph L, with n vertices {v1,
Va,....,vn} and with edges
{vi, Vi1 } for L <i<niscalled a Linear Graph on n vertices.

For example, the linear graphs L, and L, are shown in the figure below.

.—. y A\ d A\ 4 A\ 4 A 4
Vi V2 \%1 V2 V3 Vy
Lo(or Py) Ls(or Py)

It is also called Path Graph denoted by P;,.

Definition: A bipartite graph G is a graph whose vertex set V can be
partitioned into two subsets U and W, such that each edge of G has one
endpoint in U and one endpoint in W.

The pair (U, W) is called a Vertex bipartition of G and U and W are
called the bipartition subsets. Obviously, a bipartite graph cannot have any self
loop.

Example: 1. If Vertices in U are solid vertices and vertices in W are hollow
vertices, then the following graphs are bipartite graphs:

2. The smallest possible simple graph that is not bipartite is the complete
graph K3 shown below :

Ks

Definition: A complete bipartite graph G is a simple graph whose vertex set
V can be partitioned into two subsets U = {vi, Va,...,vyy) and W =
{wi, Wy,...,wn}such that for all i, kin {1, 2,....,m}and j, | in {1, 2,...n}

(i) there is an edge from each vertex v; to each vertex w;.
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(ii) there is not an edge from any vertex v; to any other vertex vy.

(iii) there is not an edge from any vertex w; to any other vertex wi.

bigartite graph on (m, n) vertices is denoted by Kp, .

Example: The complete bipartite graphs Kz, and Kz, are shown in the figure

below:

B o~—H ™ W1

Wi Vi

V2 W7
W> V2

V3 W3

Wy
Kss
3.2. Subgraphs

Definition: A graph H is said to be a subgraph of a graph G if and only if
every vertex in H is also a vertex in G, every edge in H is also an edge in G
and every edge in H has the same endpoints as in G.

We may also say that G is a supergraph of H.

For example,
€1 €1
Vi1 V2 Vi V2
e €3 and es €4
V3 A V3 V4

are subgraphs of the graph given below:

€1
V1 Vo
€- €4
€5
V3e oV,

Similarly, the graph

Ae—-F oB
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is a subgraph of the graph given below:

Ae B

De oC

Definition: A subgraph H is said to be a proper subgraph of a graph G if
vertex set Vi of H is a proper subset of the vertex set Vs of G or edge set Ey is
a proper subset of the edge set Eg.

For example, the subgraphs in the above examples are proper

subgraphs of the given graphs.

Definition: A subgraph H is said to span a graph G if Vi = V.

Thus H is a spanning sub graph of graph G if it contains all the
vertices of G.

For example the subgraph

.V2
® Vs
.V3 .V4
spans the graph
V18 8V2
o \/-
e
V3 e V4

Definition: Let G = (V, E) be a graph. Then the complement of a subgraph
G = (V’, E") with respect to the graph G is another subgraph G = (V'", E™)
such that E” = E — E” and V"~ contains only the vertices with which the edges
in E”" are incident.

For example, the subgraph

Ve oV,
is the complement of the subgraph

Vi V2
V7 Vg
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V5 e oV
V3e oV,

with respect to the graph G shown in the figure below:

V1 V2
V7 Vg

\/ Ve
V3 o\,

Definition: If G is a simple graph, the complement of G, (Edge
complement), denoted by G’ or G° is a graph such that

(i) The vertex set of G’ is identical to the vertex set of G, that is Vg = Vg

(if) Two distinct vertices v and w of G" are connected by an edge if and only if
v and w are not connected by an edge in G.
For example, consider the graph G

V2
[ J

Vi V3

Example: Find the complement of the graphs:

(@ w1 V3

V4
(b)

vie .V,
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V3e *Vy

(c) Complete graph Ky :

V1 Vo
V3 V4
Solution: (a)
-
Vie V3
e

(b)
VlE :[Vz
Vie V4
(c) Null graph.
Example: Find the edge complement of the graph G shown below:

.Vl
Vo e V3
Vye V5
o\/g G
Solution: The edge complement of G is the following graph G°
.Vl
Voe V3
Vge V5
.V6
GC

Definition: If a new vertex v is joined to each of the pre-existing vertices of a
graph G, then the resulting graph is called the Join of G and v or the
suspension of G from v. It is denoted by G + v.
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Thus, A graph obtained by joining a new vertex to each of the vertices of a
given graph G is called the Join of G and v or the suspension of G from v. It
is denoted by G + v.

For example, let G be a graph

H
V3 V.

¢ *Vy

and let v be a vertex. Then

sz

V3 & V4
G+v
is the joinof G to v.

3.3. Isomorphisms of Graphs
We know that shape or length of an edge and its position in space are not part
of specification of a graph. For example, the figures

V3 €2 Vi € V2

i — and \_/ o

€ €3

€3
V3
represent the same graph.

Definition: Let G and H be graphs with vertex sets V(G) and v(H) and Edge
sets E(G) and E(H) respectively. Then G is said to isomorphic to H iff there
exist one-to-one correspondences g : V(G) — v(H) and h : E(G) — E(H) such
that for all v € V(G) and e € E(G),

v is an endpoint of e <> g(v) is an endpoint of h(e).

Definition: The property of mapping endpoints to endpoints is called
preserving incidence or the

continuity rule for graph mappings.

As a consequence of this property, a self-loop must map to a self-loop.

Thus, two isomorphic graphs are same except for the labeling of their vertices
and edges.

Example: Show that the graphs

€1 V3

%
&
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o\
Vie €6 € €3
Vs
€4 *Vy
G
and
0W3
o W> fs
fe oWy

are isomorphic.

Solution: To solve this problem, we have to find g: V(G) — V(H) and h : E(G)
— E(H) such that for all v € V(G) and e € E(G),

v is an endpoint of e < g(v) is an endpoint of h(e).

Since e, and e are parallel (have the same endpoints), h(e;) and h(es) must also
be parallel. Thus we have
h(e;) = f; and h(es) = f, or h(ey) = f, and h(es) = f;.

Also the endpoints of e; and e3 must correspond to the endpoints of f; and f;
and so
g(vs) = wy and g(vs) = ws or g(vs) = ws and g(Va) = W.

Further, we note that v; is the endpoint of four distinct edges e,
e;, es and e4 .and so g(v1) should be the endpoint of form distinct edges. We
observe that w, is the vertex having four edges and so g(v1) = wa. If g(v3) = wy,
then since v, and v3 are endpoints of e; in G, g(v1) = w, and g(vs) = wy must be
endpoints of h(e;) in H. This implies that h(e;) = fs.

Continuing in this way we can find g and h to define the
isomorphism between G and H.
One such pair of functions (of course there exist several) is shown

below:
V(G V(H)
g
-

I
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E(H)

Remark: Each of the following properties is invariant under graph
isomorphism, where n, m and h are all non-negative integers:

1. has n vertices

2. has m edges

3. has a vertex of degree k

4. has m vertices of degree k

Example: Examine for isomorphism

(@)
. .
(b)
and .
G
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Solution: (a) G has nine edges whereas H has only eight edges. Hence G is not

isomorphic to H.

(b) G has a vertex v of degree 4, whereas H has no vertex of degree 4. Hence G
is not isomorphic to H

3.4 Walks, Paths and Circuits

Definition: In a graph G, a walk from vertex vy to vertex v, is a finite
alternating sequence:
{Vvo, €1, V1, €2,.....,Vn-1, €n, Vn}
of vertices and edges such that vi.; and v; are the endpoints of ;.
The trivial walk from a vertex v to v consists of the single vertex v.

Definition: In a graph G, a path from the vertex v, to the vertex v, is a walk
from vq to v, that does not contain a repeated edge.

Thus a path from v, to v, is a walk of the form
{Vvo, €1, V1, €2, V2,.....,Vn-1, €n, Vn},
where all the edges e, are distinct.
Definition: In a graph, a simple path from v, to v, is a path that does not
contain a repeated vertex.
Thus a simple path is a walk of the form
{Vvo, €1,v1, €2, Va,...... ,Vi-1, €n, Vn}
where all the e are distinct and all the v; are distinct.
Definition: A walk in a graph G that starts and ends at the same vertex is
called a closed walk.
Definition: A closed walk that does not contain a repeated edge is called a
circuit.
Thus, closed a closed path is called a circuit (or a cycle) and so a circuit is a
walk of the form
{Vvo, €1, v1, €2, Va,...... ,Vn-1, €n, Vn}
where vo = v, and all the g; are distinct.

Definition: A simple circuit is a circuit that does not have any other repeated
vertex except the first and the last.

Thus, a simple circuit is a walk of the form
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{VOy ely Vl! 627""7Vn-1l en, Vn},
where all the e, are distinct and all the v; are distinct except that vo = vy.

Example: Consider the graph shown below

We note that e3, es is a path. The walk ey, e;, es, €5 is a path but it is not a
simple path because the vertex v; is repeated (e; being a self-loop). The walk
ey, €3, €4 IS a circuit. The walk ey, e3, €4, €1 is a circuit but it is not simple
circuit because vertex v, repeats twice (or we may write that v, met twice).

Definition: In a graph the number of edges in the path {vo, €1, v1, €2,...... , €n,
Vn} from vy to v, is called the length of the path.

Definition: A cycle with k-edges is called a k-cycle or cycle of length k.
For example, loop is a cycle of length 1. On the other hand, a pair of parallel
edges e; and e,, shown below, is a cycle of length 2

e
VQ oV
2

Definition: A graph is said to be acyclic if it contains no cycle.

For example, the graphs

and

are acyclic.

Theorem: If there is a path from vertex v; to v, in a graph with n vertices, then
there does not exist a path of more than n-1 edges from vertex v; to v..

Proof: Suppose there is a path from v; to v,. Let
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be the sequence of vertices which the path meets between the vertices v; and
V,. Let there be m edges in the path. Then there will be m + 1 vertices in the
sequence. Therefore if m > n—1, then there will be more than n vertices in the
sequence. But the graph is with n vertices. Therefore some vertex, say Vi,
appears more than once in the sequence. So the sequence of vertices shall be

Deleting the edges in the path that lead vk back to v, we have a path from v; to
Vv that has less edges than the original one. This argument is repeated untill we
get a path that has n-1 or less edges.

Definition: Two vertices v; and v, of a graph G are said to be connected if and
only if there is a walk from v; to vs.

Definition: A graph G is said to be connected if and only if given any two
vertices vy and v; in G, there is a walk from v; to vs.

Thus, a graph G is connected if there exists a walk between every
two vertices in the graph.
Definition: A graph which is not connected is called Disconnected Graph.

Example: Which of the graph below are connected?

(@)
Vi V2
V3
4 V5
(b)
— T~
V@ Vo
V3 \/1

Solution: Graph (a) is not connected as there is no walk from any of vy, vy, vs,
vy to the vertex vs.
The graph (b) is clearly connected.

Definition: If a graph G is disconnected, then the various connected pieces of
G are called the connected components of the graph.

Example: Consider the graph given below:
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\Z1 \'7) Vs
€4
(S7) €3 V4 €5
3
Ve

This graph is disconnected and have two connected components:

€1
Hi: Vi e o\/)
with vertex set {v1, Vo, v3} and edge set {es, €z,
83}
€2 €3
V3
Hy: e Vs
V4 <[ es  with vertex set {vs, Vs, V¢} and edge set {e, es,
65}.
€s o\/g

Example: Find the number of connected components in the graph

Solution: The connected components are :

and

Remark: If a connected component has n vertices, then degree of any vertex
cannot exceed n-1.

3.5. Eulerian Paths And Circuits

Definition: A path in a graph G is called an Euler Path if it includes every
edge exactly once.
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Definition: A circuit in a graph G is called an Euler Circuit if it includes
every edge exactly once. Thus, an Euler circuit (Eulerian trail) for a graph G is
a sequence of adjacent vertices and edges in G that starts and ends at the same
vertex, uses every vertex of G at least once, and uses every edge of G exactly
once.

Definition: A graph is called Eulerian graph if there exists a Euler circuit for
that graph.

Theorem 1. If a graph has an Euler circuit, then every vertex of the graph has
even degree.

Proof: Let G be a graph which has an Euler circuit. Let v be a vertex of G. We
shall show that degree of v is even. By definition, Euler circuit contains every
edge of graph G. Therefore the Euler circuit contains all edges incident on v.
We start a journey beginning in the middle of one of the edges adjacent to the
start of Euler circuit and continue around the Euler circuit to end in the middle
of the starting edge. Since Euler circuit uses every edge exactly once, the edges
incident on v occur

in entry / exist pair and hence the degree of v is a multiple of 2. Therefore the
degree of v is even. This completes the proof of the theorem.

We know that contrapositive of a conditional statement is logically equivalent
to statement. Thus the above theorem is equivalent to:
Theorem:2. If a vertex of a graph is not of even degree, then it does not have
an Euler circuit.

or
“If some vertex of a graph has odd degree, then that graph does not have an
Euler circuit”.

Example: Show that the graphs below do not have Euler circuits.

(@)

Vi V2

V3 Vg
(b)

V2
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Vy V3

Solution: In graph (a), degree of each vertex is 3. Hence this does not have a
Euler circuit.
In graph (b), we have

deg(vz) =3

deg(vs) =3
Since there are vertices of odd degree in the given graph, therefore it does not
have an Euler circuit.

Remark: The converse of Theorem 1 is not true. There exist graphs in which
every vertex has even degree but the Euler circuits do not exist.

For example,

and D
)

are graphs in which each vertex has degree 2 but these graphs do not have
Euler circuits since there is no path which uses each vertex at least once.
Theorem 3. If G is a connected graph and every vertex of G has even degree,
then G has an Euler circuit.

Proof: Let every vertex of a connected graph G has even degree. If G
consists of a single vertex, the trivial walk from v to v is an Euler circuit. So
suppose G consists of more than one vertices. We start from any verted v of G.
Since the degree of each vertex of G is even, if we reach each vertex other than
v by travelling on one edge, the same vertex can be reached by travelling on
another previously unused edge. Thus a sequence of distinct adjacent edges can
be produced indefinitely as long as v is not reached. Since number of edges of
the graph is finite (by definition of graph), the sequence of distinct edges will
terminate. Thus the sequence must return to the starting vertex. We thus obtain
a sequence of adjacent vertices and edges starting and ending at v without
repeating any edge. Thus we get a circuit C.
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If C contains every edge and vertex of G, then C is an Eular circuit.

If C does not contain every edge and vertex of G, remove all edges of C from
G and also any vertices that become isolated when the edges of C are removed.
Let the resulting subgraph be G’. We note that when we removed edges of C,
an even number of edges from each vertex have been removed. Thus degree of
each remaining vertex remains even.

Further since G is connected, there must be at least one vertex common to both
C and G'. Let it be w(in fact there are two such vertices). Pick any sequence of
adjacent vertices and edges of G’ starting and ending at w without repeating an
edge. Let the resulting circuit be C'.

Join C and C’ together to create a new circuit C”. Now, we observe that if we
start from v and follow C all the way to reach w and then follow C’ all the way
to reach back to w. Then continuing travelling along the untravelled edges of
C, we reach v.

If C" contains every edge an vertex of C, then C” is an Euler circuit. If not,
then we again repeat our process. Since the graph is finite, the process must
terminate.

The process followed has been described in the graph G shown below:

CH
Theorems 1 and 3 taken together imply :
Theorem 4. (Euler Theorem) A finite connected graph G has an Euler circuit
if and only if every vertex of G has even degree.
Thus finite connected graph is Eulerian if and only if each vertex has even

degree.

Theorem 5. If a graph G has more than two vertices of odd degree, then there
can be no Euler path in G.

Proof : Let vy, v, and vs be vertices of odd degree. Since each of these vertices
had odd degree, any possible Euler path must leave (arrive at) each of vy, vy, v3
with no way to return (or leave). One vertex of these three vertices may be the
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beginning of Euler path and another the end but this leaves the third vertex at
one end of an untravelled edge. Thus there is no Euler path.
\%1
V2

V3 or

(Graphs having more than two vewices of odd degree).

Theorem 6. If G is a connected graph and has exactly two vertices of odd
degree, then there is an Euler path in G. Further, any Euler path in G must
begin at one vertex of odd degree and end at the other.

Proof: Let u and v be two vertices of odd degree in the given connected graph

G.
u u
e
Vv Vv
G G’
If we add the edge e to G, we get a connected graph G’ all of whose vertices

have even degree. Hence there will be an Euler circuit in G'. If we omit e from
Euler circuit, we get an Euler path beginning at u(or v) and edning at v(or u).

Examples. Has the graph given below an Eulerian path?

[I—\\' B L 4 .C
éD

Solution: In the given graph,

deg(A) =1
deg(B) =2
deg(C) =2
deg(D) =3

Thus the given connected graph has exactly two vertices of odd degree. Hence,
it has an Eulerian path.
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If it starts from A(vertex of odd degree), then it ends at D(vertex of odd
degree). If it starts from D(vertex of odd degree), then it ends at A(vertex of
odd degree).

But on the other hand if we have the graph as given below :

B .64
ol
€3

then deg(A) = 1, deg(B) = 3 deg(C) = 1, degree of D = 3 and so we have four
vertices of odd degree. Hence it does not have Euler path.

ASL

oC |

Example:  Does the graph given below possess an Euler circuit?

Va

V1 #

Solution: The given graph is connected. Further

deg(vy) =3
deg(vz) =4
deg(vs) =3
deg(vs) =4

Since this connected graph has vertices with odd degree, it cannot have Euler
circuit. But this graph has Euler path, since it has exactly two vertices of odd
degree. For example, V3€r Vo€7V4€sVo€1 V164 V4€E3V3E5 V]

Example:  Consider the graph

\'/) V3

Vi
V4
Here, deg(vi) = 4, deg(v2) = 4, deg(vs) = 2, deg(vs) = 2. Thus degree of each
vertex is even. But the graph is not Eulerian since it is not connected.

Example 4:. The bridges of Konigsberg: The graph Theory began in 1736
when Leonhard Euler solved the problem of seven bridges on Pregel river in
the town of Konigsberg in Prussia (now Kaliningrad in Russia). The two
islands and seven bridges are shown below:
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Bridge ?
Bridge

Bridge

Bridge \/ Bridge

River

The people of Konigsgerg posed the following question to famous Swiss
Mathematician Leonhard Euler:

“Beginning anywhere and ending any where, can a person walk through the
town of Konigsberg crossing all the seven bridges exactly once?

Euler showed that such a walk is impossible. He replaced the islands A, B and
the two sides (banks) C and D of the river by vertices and the bridges as edges
of a graph. We note then that

deg(A) =3
deg(B) =5
deg(C)=3
deg(D) =3
Thus the graph of the problem is

A(island)

(side of the river) C(side of the river)

B(Island)
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(Euler’s graphical representation of seven bridge problem)
The problem then reduces to
“Is there any Euler’s path in the above diagram?”.

To find the answer, we note that there are more than two vertices having odd
degree. Hence there exist no Euler path for this graph.

Definition: An edge in a connected graph is called a Bridge or a Cut Edge if
deleting that edge creates a disconnected graph.
For example, consider the graph shown below:

€1
Vi, ® es *\/o
e €2
V3

Vg €4

Vs

In this graph, if we remove the edge es;, then the graph breaks into two
Connected Component given below:

€1
Vi, ® o\/o
€5 Iez
V3
va ’&.
Vs
Hence the edge e3 is a bridge in the given graph.

METHOD FOR FINDING EULER CIRCUIT

We know that if every vertex of a non empty connected graph has even degree,
then the graph has an Euler circuit. We shall make use of this result to find an
Euler path in a given graph.

Consider the graph
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We note that
deg(v2) = deg(va) = deg(ve) = deg(vs) =2
deg(v1) = deg(vs) = deg(vs) = deg(v7) = 4
Hence all vertices have even degree. Also the given graph is connected. Hence
the given has an Euler circuit. We start from the vertex v, and let C be
C:viVaVv3zVvy

Then C is not an Euler circuit for the given graph but C intersect the rest of the
graph at v, and vs. Let C’ be
C’' 1 V1Va V3 V5 V7 Vg V5 Vg V7 V;

(In case we start from vs, then C’ will be v3 v4 V1 V7 Vg V5 V7 Vg Vs)
Path C’ into C and obtain

C"” 1 V1V2 V3 V1 V4 V3 V5 V7 Vg V5 Vg V7 V1
Or we can write

C"” . e18 €3 €4 €5 €6 €7 €8 €9 €10 €11 €12
(If we had started from v,, then C” : ViV, V3 V4 V1 V7 Vg V5 V7 Vg V5 V3 V1 OF
€162 €5 €4 €17 €g €9 €7 €11 €10€6 €3 )

In C" all edges are covered exactly once. Also every vertex has been covered at
least once. Hence C" is a Euler circuit.

3.6. Hamiltonian Circuits

Definition: A Hamiltonian Path for a graph G is a sequence of adjacent
vertices and distinct edges in which every vertex of G appears exactly once.

Definition: A Hamiltonian Circuit for a graph G is a sequence of adjacent
vertices and distinct edges in which every vertex of G appears exactly once,
except for the first and the last which are the same.

Definition: A graph is called Hamiltonian if it admits a Hamiltonian circuit.
Example 1 : A complete graph K, has a Hamiltonian Circuit. In particular the

graphs

< and
Ks

are Hamiltonian.
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Example 2:  The graph shown below does not have a Hamiltonian circuit.

Vi1 V4

Example 3 : The graph

does not have a Hamiltonian circuit.

Remark: It is clear that only connected graphs can have Hamiltonian
circuit. However, there is no simple criterion to tell us whether or not a given
graph has Hamiltonian circuit. The following results give us some sufficient
conditions for the existence of Hamiltonian Circuit/path.

Theorem: Let G be a linear graph of n vertices. If the sum of the degrees for
each pair of vertices in G is greater than or equal to n —1, then there exists a
Hamiltonian path in G.

Theorem: Let G be a connected graph with n vertices. If n > 3 and deg(v) > n
for each vertex v in G, then G had a Hamiltonian Circuit.

Theorem: Let G be a connected graph with n vertices and let u and v be two
vertices of G that are not adjacent. If

deg(u) + deg(v) = n,

then G has a Hamiltonian circuit.

Corollary : Let G be a connected graph with n vertices. If each vertex has
degree greater than or equal to n/2, then G has a Hamiltonian circuit.

Proof: It is given that degree of each vertex is greater than or equal to n/2.
Hence the sum of the degree of any two vertices is greater than or equal to n/2
+n/2 =n. So, by the above theorem, the graph G has a Hamiltonian circuit.

Theorem: Let n be the number of vertices and m be the number of edges in a

connected graph G. If

m > %(n2—3n+6),



then G has a Hamiltonian circuit.
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The following example shows that the above conditions are not

necessary for the existence of Hamiltonian path.

Example : Let G be the connected graph shown in the figure below:
Vg V7 Ve
Vi \
Vo V3 V4

We note that
No. of Vertices in G (n) =8
No. of Edgesin G (m) =8
Degree of each vertex = 2
Thus, if u and v are non-adjacent vertices, then
degu+degv=2+2 =4 %8
Also
%(n2—3n +6) = 1/2 (64— 24 + 6) = 23
Clearly
m }é% (n*-3n +6)

Therefore the above two theorems fail. But the given graph has Hamiltonian

circuit. For example,
V1 V2 V3 V4, Vs, Ve, V7, Vg, V1

is an Hamiltonian circuit for the graph.

Proposition: Let G be a graph with at least two vertices. If G has a

Hamiltonian circuit, then G has a subgraph H with the following properties:

(1) H contains every vertex of G
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(2) H is connected
(3) H has the same number of edges as vertices
(4) Every vertex of H has degree 2.
The contrapositive of this proposition is

“If a graph G with at least two vertices does not have a subgraph H satisfying
(1) — (4), then G does not have a Hamiltonian circuit”.

Also we know that contrapositive of a statement is logically equivalent to the
statement. Therefore the above result can be used to show non-existence of a
Hamiltonian Circuit.

Example 1: Does the graph G given below have Hamiltonian circuit?

a b

c d

Solution: The given graph has
No. of vertices (n) =5
No. of edges (m) =8
deg(a) = deg(b) = deg(c) = deg(d) =3
deg(e) =4
We observe that
Q) degree of each vertex is greater than n/2

(i) The sum of any non-adjacent pair of vertices is greater than n

(iii) %(n2—3n+6):%(25—15+6):8
Thus the condition

m=> = (n?-3n+6)

N |~

is satisfied.

(iv) The sum of degrees of each pair of vertices in the given graph is greater
thann-1=5-1=4.

Thus four sufficiency condition are satisfied (whereas one condition out of
these four conditions is sufficient for the existence of Hamiltonian path/graph).
Hence the graph has a Hamiltonian Circuit.

For example, the following circuits in G are Hamiltonian:

a b a b
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oc and oc

Ce od Ce od

Example 2 : Does the graph shown below has Hamiltonian circuit?

ae oh

C d

Solution: Here
No. of vertices (n) =5
No. of edge (m) =4
deg(a) = deg(b) = deg(c) = deg(d) = 1

deg(e) =4
We note that
0) deg(a) = deg(b) = deg(c) = deg(d) # g
(i) deg(a) + deg(b) = 2 # 5, that is sum of any non-adjacent pair of

vertices is not greater than 5

(iii) % (N*=3n+6) = % (25— 15 + 6) = 8. Therefore the condition
m>1/2 (n>-3n + 6)

IS not satisfied.

(iv) deg(a) + deg(b) =2 # 4, i.e., the condition that sum of degrees of each pair
of vertices in the graph is not greater than or equal to n—1.

Hence no sufficiency condition is satisfied. So we try the
proposition stated above.

Suppose that G has a Hamiltonian circuit, then G should a
subgraph which contains every vertex of G, and number of vertices and no. of
edges in H should be same. Thus H should have 5 vertices a, b, ¢, d, e and 5
edges. Since G has only 4 edges, H cannot have more than 4 edges. Hence no
such subgraph is possible. Hence, the given graph does not have Hamiltonian
circuit.

3.7. Weighted Graphs
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Definition: A weighted graph is a graph for which each edge or each vertex
or both is (are) labeled with a numerical value, called its weight.

For example, if vertices in a graph denote recreational sites of a
town and weights of edges denote the distances in kilometers between the sites,
then the graph shown below is a weighted graph.

Definition: The weight of an edge (vi, vj) is called distance between the
vertices v; and v;.

Definition: A vertex u is a nearest neighbour of vertex v in a graph if u and v
are adjacent and no other vertex is joined to v by an edge of lesser weight than
(u, v).

For example, in the above example, B is the nearest neighbour of C, whereas A
and C are both nearest neighbour of the vertex D. Thus nearest neighbour of
a set of vertices is not unique.

Definition: A vertex u is a nearest neighbour of a set of vertices {vi, Vv»,
....,vn} In a graph if u is adjacent to some member v; of the set and no other
vertex adjacent to member of the set is joined by an edge of lesser weight then
(U, Vi).

In the above example if we have set of vertices as {B, D}, C is the
neatest neighbour of {B, D} because the edge (C, B) has weight 5 and
no other vertex adjacent to {B, D} is linked by an edge of lesser weight than
(C, B).

Definition: The length of a path in a graph is the sum of lengths of edges in
the path.

Definition: Let G (V, E) be a graph and let I;; denote the length of edge (vi, vj)
in G. Then a shortest path from v;to v is a path such that the sum of lengths
of its edges

lip+los+..o. .. + -1k

is minimum, that is, total edge weight is minimum.

TRAVELLING SALESPERSON PROBLEM
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This problem requires the determination of a shortest Hamiltonian circuit in
a given graph of cities and lines of transportation to minimize the total fare for
a travelling person who wants to made a tour of n cities visiting each city
exactly once before returning home.

The weighted graph model for this problem consists of vertices representing
cities and edges with weight as distances (fares) between the cities. The
salesman starts and end his journey at the same city and visits each of n -1
cities once and only once. We want to find minimum total distance.

We discuss the case of five cities and so consider the following weighted
graph.

We shall use Nearest Neighbour algorithm to solve the problem:
Algorithm: Nearest Neighbour (closest insertion)

Input: a weighted complete graph G
Output: a sequence of labeled vertices that forms a Hamiltonian cycle.

Start at any vertex v.
Initialize I(v) =0
Initialize i =0

While there are unlabeled vertices
i:=i+1

Traverse the cheapest edge that join v to an unlabeled vertex, say

Set I(w) =i
Vi=w.

For the present example,
(i) Let us choose a as the starting vertex. Then d is the nearest vertex and then
(a, d) is the corresponding edge. Thus we have the figure

a
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[ J [ J
d e
(if) From d, the nearest vertex is ¢, so we have a path shown below:
a
7\be c
6
d o€

(iii) From c, the nearest vertex is e. So we have the path as show below:

71\be C

7 \b C

(v) Now, from b, the only vertex to be covered is a to form Hamiltonian
circuit. Thus we have a Hamiltonian circuit as given below. The length of this
Hamiltonian circuit is

7+6+8+5+14=140,

d e

However, this is not Hamiltonian circuit of minimal length.

4
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The total distance of a minimum Hamiltonian circuit (shown below) is 37.

7 be 9 oc 10

Total length=7+6+9+5+10=37
Remark: Unless otherwise stated, try to start from a vertex of largest weight.

Example 2: Find a Hamiltonian circuit of minimal weight for the graph shown
below:

b 10 C

10/ 15 8

a é 1 »d

Solution: Starting from the point a and using nearest neighbour method, we
have the required Hamiltonian circuit as

abcda
with total length as

10+10+8+12=40

Definition: A k-factor of a graph is a spanning subgraph of the graph with
the degree of its
vertices being k.

Consider the graph
b c
d e
f
Then
i [ J
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shows a 1-factor of the given graph.
Also then,

is a 2-factor of the given graph.
3.8. Matrix Representation of Graphs

A graph can be represented inside a computer by using the adjacency matrix or
the incidence matrix of the graph.

Definition: Let G be a graph with n ordered vertices v, va,....... ,Vn. Then the
adjacency matrix of G is the n x n matrix A(G) = (a;) over the set of non-
negative integers such that

a;j = the number of edges connecting v; and v; for all i, j = 1,

2,....0.

We note that if G has no loop, then there is no edge joining v; to v;
, i =1, 2,...,n. Therefore, in this case, all the entries on the main
diagonal will be 0.

Further, if G has no parallel edge, then the entries of A(G) are either O or 1.
It may be noted that adjacent matrix of a graph is symmetric.

Conversely, given a n x n symmetric matrix A(G) = (a;j) over the set of non-
negative integers, we can associate with it a graph G, whose adjacency matrix
is A(G), by letting G have n vertices and joining v; to vertex v; by ajj edges.

Example 1: Find the adjacency matrix of the graph shown below:

Vi Vo




162

V3 e *Vy ® Vs
Solution: The adjacency matrix A(G) = (a;j) is the matrix such that

aiy = No. of edges connecting v; and vi;.

So we have for the given graph

0] 1 1 1 1
1 (0] 1 1 1
AG)=|1 1 o (0] o
1 1 o (0] (@)
1 1 0 0] @)
Example 2 : Find the grapﬁ that have the following adjacency matrix -
1 2 1 2
2 0 2 1
1 2 1 o
2 1 0] 0]

Solution: We note that there is a loop at v, and a loop at vs. There are parallel
edges between Vi, Va; Vi, Va; Vo, V1, V2, V3, V3, V2 ; Vg, V1. Thus the graph is

V1 V2

The following theorem is stated without proof.

3.9. Planar Graphs

Definition: A graph which can be drawn in the plane so that its edges do not
cross is said to be planar.

For example, the graph shown below is planar :
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D e oE
Also the complete graph K4 shown below is planar.

Ae B

C o oD

In fact, it can be redrawn as

Ao B

so that no edges cross.

But the complete map Ks is not planar because in this case, the
edges cross each others.

A B

Ks

Definition: An area of the plane that is bounded by edges of the planar graph is
not further subdivided into subareas is called a region or face of a planar
graph.

A face is characterised by the cycle that forms its boundary.

Definition: A region is said to be finite if its area is finite and infinite if its
area is infinite. Clearly a planar graph has exactly one infinite region.

For example, consider the graph :

1 p2
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G,

In graph Gy, there are four region A, B, C, D

2 1
1 2
6 5 6
finite region
4 3
finite region 4
finite region

infinite region

Definition: Let f be a face (region) in a planar graph. The length of the cycle
(or closed walk) which borders f is called the degree of the region f. It is
denoted by deg(f).

In a planar graph we note that each edge either borders two regions or is
contained in a region and will occur twice in any walk along the border of
the region. Thus we have

Theorem: The sum of the degrees of the regions of a map is equal to twice the
number of edges.
For example, in the graph G,, discussed above, we have
deg(A) =4, deg(B) = 3, deg(C) =4, deg (d) =5
The sum of degrees of all regions=4+3+4+5=16
No. of edges in G, =8
Hence

“sum of degrees of region is twice the number of edges”.
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Theorem (Euler’s formula for connected planar graphs): If G is a
connected planar graph with e edges, v vertices and r regions, then

Vv—e+r=2

Proof: We shall use induction on the number of edges. Suppose that e = 0.
Then the graph G consists of a single vertex, say P. Thus G is as shown below:

oP
and we have

e=0,v=1r=1

Thus
1-0+1=2

and the formula holds in this case.

Suppose that e = 1. Then the graph G is one of the two graphs

shown below:
/ e=1,v=1r=2

e=1l,v=2r=1
We see that, in either case, the formula holds.

Suppose that the formula holds for connected planar graph with n
edges. We shall prove that this holds for graph with n + 1 edges. So, let G be
the graph with n + 1 edges. Suppose first that G contains no cycles. Choose “a”
vertex v and trace a path starting at v;. Ultimately, we will reach a vertex a
with degree 1, that we cannot leave.

G

We delete “a” and the edge x incident on “a” from the graph G. The resulting
graph G’ has n edges and so by induction hypothesis, the formula holds for G’.
Since G has one more edge than G’,one more vertex than G’ and the same

number of faces as G’, it follows that the formula v—e+r=2 holds also for
G.
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G!

Now suppose that G contains a cycle. Let x be an edge in a cycle.

X

G

Now the edge x is part of a boundary for two faces. We delete the edge x but
no vertices to obtain the graph G

G/

Thus G’ has n edges and so by induction hypothesis the formula holds. Since G
has one more face (region) than G’, one more edge than G’ and the same
number of vertices as G, it follows that the formula v — e + r = 2 also holds for
G. Hence, by Mathematical Induction, the theorem is true.

Remark: Planarity of a graph is not affected if
(1) an edge is divided into two edges by the insertion of new vertex of degree 2.

| = |

(i) two edges that are incident with a vertex of degree 2 are combined as a
single edge by the removal of that vertex.
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[ ] [ ]
Sudl
Definition: Two graphs G; and G, are said to be isomorphic to within
vertices of degree 2 (or homeomorphic) if they are isomorphic or if
they can be transformed into isomorphic graphs by repeated insertion and / or

removal of vertices of degree 2.
Definition : The repeated insertion/removal of vertices of degree 2 is called

sequence of series reduction.

For example, the graphs

and

are isomorphic to within vertices of degree 2.

If we define a relation R on the set of graphs by G; R G, if G; and
G, are homeomorphic, then R is an equivalence relation. Each equivalence
class consists of a set of mutually homeomorphic graphs.

Example: Show that the graph Kss, given below, is not planar.

C1 Co C3

Cs Cs Ce
Ksz

A problem based on this example can be stated as “Three cities ¢,
C, and c3 are to be directly connected by express ways to each of three cities ¢y,
Cs and cg. Can this road system be designed so that the express ways do not
cross? This example shows that it cannot be done.

Solution: Suppose that Ks3 is planar. Since every cycle has at least four
edges, each face (region) is bounded by at least four edges. Thus the number of
edges that bound regions is at least 4r. Also, in a planar graph each edge
belongs to atmost two bounding cycles. Therefore,
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2e > 4r (sums of degrees of region is equal to twice the number of

edges)
But, by Euler’s formula for planar graph,

r=e—-v+2
Hence

2e>4(e-v+2) (1)
In case of K33 we have

e=9,v==6
and so (1) yields
18>4(9-6+2)=20,

which is a contradiction. Therefore K3 3 is not planar.

Remark: By a argument similar to the above example, we can show that the
graph Ks (given below) is not planar.

(non-planar graph Ks)
We observe that if a graph contains K33 or Ks as a subgraph, then
it cannot be planar.

The following theorem, which we state without proof, gives
necessary and sufficient condition for a graph to be planar.

Kuratowski’s Theorem: A graph G is planar if and only if G does not contain
a subgraph homeomorphic to K3 3 or Ks.

The complete graph Ks and the complete bipartite graph Ks3 are
called the Kuratowski graphs.

Example: Using Kuratowski’s Theorem, show that the graph G, shown below,
is not planar
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Solution: Let us try to find K33 in the graph G. We know that in K33, each
vertex has degree 3. But we note that in G, the degree of a, b, f and e each is 4.
So we eliminate the edges (a,b) and (f, e) so that all vertices have degree 3. If
we eliminate one more edge, we will obtain two vertices of degree 2 and we
can then carry out series reduction. The resulting graph will have nine edges
Also we know that K33 has nine edges. So this approach seems promising.
Using trial and error, we find that the edge (g, h) should be removed. Then g
and h have degree 2.

AN
fe p b

eliminating the edge (g, h)

c
(Graph obtained by deleting edges (a, b) and (f, €)).

a

f b
9
€
C
d

(Graph obtained by eliminating the edge (g,h).

Performing series reduction now, we obtain an isomorphic copy of Kj 3.

A,
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ce
oC
od
K3 3(obtained by series reduction)

Hence, by Kurtowski’s Theorem, the given graph G is not planar.
3.10. Colouring of Graph

Definition: Let G be a graph. The assignment of colours to the vertices of G,
one colour to each vertex, so that the adjacent vertices are assigned different
colours is called vertex colouring or colouring of the graph G.

Definition: A graph G is n-colourable if there exists a colouring of G which

uses n colours.

Definition: The minimum number of colours required to paint (colour) a
graph G is called the chromatic number of G and is denoted by % (G).

Example: Find the chromatic number for the graph shown in the figure below:

Solution: The triangle a b ¢ needs three colours. Suppose that we assign
colours ¢y, Cy, C3 to a, b and c respectively. Since d is adjacent to a and ¢, d will
have different colour than c¢; and c3. So we paint d by c,. Then e must be
painted with a colour different from those of a, d and c, that is, we cannot
colour e with ¢y, ¢, or c3. Hence, we have to give e a fourth colour c4. Hence

x (G) =4.

3.11 Directed Graphs

Definition: A directed graph or digraph consists of two finite sets:
(i) A set V of vertices (or nodes or points)

(if) A set E of directed edges (or arcs), where each edge is associated with an
ordered pair (v, w) of vertices called its endpoints. If edge e is associated with
the ordered pair (v, w), then e is said to be directed edge from v to w.

The directed edges are indicated by arrows.
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We say that edge e = (v, w) is incident from v and is incident into w.

The vertex v is called initial vertex and the vertex w is called the terminal
vertex of the

directed edge (v, w).

Definition: Let G be a directed graph. The outdegree of a vertex v of G is the
number of edges beginning at v. It is denoted by outdeg(Vv).

Definition: Let G be a directed graph. The indegree of a vertex v of G is the
number of edges ending at v. It is denoted by indey(v).

Example: Consider the directed graph shown below:

Vi
e €
V2 V3
e2 e4 e5
Vg Vs

6

Here edge e; is (v2, v1) whereas eg is denoted by (vs, vs) and is called a loop.
The indegree of v, is 1, outdegree of v, is 3.

Definition: A vertex with 0 indegree is called a source, whereas a vertex with
0 outdegree is called a sink.
For instance, in the above example, v; is a sink.

Definition: If the edges and/or vertices of a directed graph G are labeled with
some type of data, then G is called a Labeled Directed Graph.

Definition: Let G be a directed graph with ordered vertices vy Vo, ....., Vn.
The adjacency matrix of G is the matrix A = (a;) over the set of non-
negative integers such that

ajj = the number of arrows fromv;jtov;, i,j=1,2,....,n.

Example 1: Find the adjacency matrices for the graphs given below:

| O __
() a@ T%}C LN

V3
Vg
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Solution: (i) The edges in the directed graph are (a, a), (b, b), (c, ¢), (d, d), (c,
a), (c, b) and (d, b). Therefore the adjacency matrix A = (a;) is

1 0 0 O
01 00
1 11 O
0 1 01

(ii) The edges in the graph in (ii) are (v, Va), (V1, V1), (V1, Va), (Va, V1), (Va, Va),
(v4, v3). Hence the adjacency matrix is

1 0 1 O
0 01 0
1 00 1
0 01 0

Example 2: Find the directed graph represented by the adjacency matrix:

o r oo o
or o or
© o or ©
© oPr oo
© or oo

Solution: we observe that a;o = 1, a3 =1, azs = 1, a5 =1, as1 =1, as» =1. Hence
the digraph is as shown below:
V1 \/) V3

Vg \

Definition: In a directed graph, if there is no more than one directed edge in a
particular direction between a pair of vertices, then it is called simple directed
graph.

For example

E—
L [ ]

\ v
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is a simple directed graph.
A directed graph which is not simple is called directed multigraph.

3.12. Trees
Definition: A graph is said to be a Tree if it is a connected acyclic graph.

A trivial tree is a graph that consists of a single vertex. An empty tree is a
tree that does not have any vertices or edges.

For example, the graphs shown below are all trees.

[ ] [ ] [ ] [ ] [ ) [ ]
(i) (ii)
trivial tree Tree of 3 vertices
e (iii)

Tree of 4 vertices
o\ /.
® ® ® ®

(iv) V)

Tree of 13 vertices Tree of 8 vertices

But the graphs shown below are not trees:

Vo

Has a cycle (i) o
and so is not a tree has a cycle (iii)
S0 is not a tree andsoisnotatree  Disconnected graph

and so is not a tree

Definition: A collection of disjoint trees is called a forest.
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Thus a graph is a forest if and only if it is circuit free.

Definition: A vertex of degree 1 in a tree is called a leaf or a terminal node or
a terminal vertex.

Definition: A vertex of degree greater than 1 in a tree is called a Branch node
or Internal node or Internal vertex.

Consider the tree shown below:

In this tree the vertices b, c, d, f, g, and i are leaves whereas the vertices a, e, h
are branch nodes.

CHARACTERIZATION OF TREES

We have the following interesting characterization of trees:
Lemma 1: A tree that has more than one vertex has at least one vertex of
degree 1.

Proof: Let T be a particular but arbitrary chosen tree having more than one
vertex.

1. Choose a vertex v of T. Since T is connected and has at least two vertices, v
is not isolated and there is an edge e incident on v.

2. If deg (v) > 1, there is an edge e’ = e because there are, in such a case, at
least two edges incident on v. Let v’ be the vertex at the other end of e’. This is
possible because e’ is not a loop by the definition of a tree.

3. If deg(v’) > 1, then there are at least two edges incident on v’. Let e” be the
other edge different from e’ and v’ be the vertex at other end of e”. This is
again possible because T is acyclic.

4. If deg(v") > 1, repeat the above process. Since the number of vertices of a
tree is finite and T is circuit free, the process must terminate and we shall
arrive at a vertex of degree 1.
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Remark: In the proof of the above lemma, after finding a vertex of degree 1, if
we return to v and move along a path outward from v starting with e, we shall
reach to a vertex of degree 1 again. Thus it follows that “Any tree that has
more than one vertex has at least two vertices of degree 1”.

Lemma 2: There is a unique path between every two vertices in a tree.

Proof: Suppose on the contrary that there are more than one path between any
two vertices in a given tree T. Then T has a cycle which contradicts the
definition of a tree because T is acyclic. Hence the lemma is proved.

Lemma 3: The number of vertices is one more than the number of edges in a
tree.

Or
For any positive integer n, a tree with n vertices has n-1 edges.

Proof: We shall prove the lemma by mathematical induction.

Let T be a tree with one vertex. Then T has no edges, that is, T has 0 edge. But
0 =1 - 1. Hence the lemma is true for n = 1.

Suppose that the lemma is true for k > 1. We shall show that it is then true for k
+ 1 also. Since the lemma is true for Kk, the tree has k vertices and k-1 edges.
Let T be a tree with k +1 vertices. Since k is +ve, k+1 > 2 and so T has more
than one vertex. Hence, by Lemma 1, T has a vertex v of degree 1. Also there
is another vertex w and so there is an edge e connecting v and w. Define a
subgraph T’ of T so that

V(1) = V(T) - {v}

E(T') = E(T) - {e}

Then number of vertices in T' = (k+1) — 1 = k and since T is circuit free and T’
has been obtained on removing one edge and one vertex, it follows that T’ is
acyclic. Also T’ is connected. Hence T’ is a tree having k vertices and therefore
by induction hypothesis, the number of edges in T' is k-1. But then

No. of edges in T = number of edges in T" + 1
=k-1+1=k
Thus the Lemma is true for tree having k + 1 vertices. Hence the lemma is true

by mathematical induction.

Corollary 1. Let C(G) denote the number of components of a graph. Then a
forest G on n vertices has n — C(G) edges.

Proof: Apply Lemma 3 to each component of the forest G.
Corollary 2. Any graph G on n vertices has at least n — C(G) edges.
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Proof: If G has cycle-edges, remove them one at a time until the resulting
graph G* is acyclic. Then G* has n — C(G*) edges by corollary 1. Since we
have removed only circuit, C(G*) = C(G). Thus G* has n — C(G) edges. Hence
G has at least n — C(G) edges.

Lemma 4: A graph in which there is a unique path between every pair of
vertices is a tree

(This lemma is converse of Lemma 2).

Proof: Since there is a path between every pair of points, therefore the graph is
connected. Since a path between every pair of points is unique, there does not
exist any circuit because existence of circuit implies existence of distinct paths
between pair of vertices. Thus the graph is connected and acyclic and so is a
tree.

Lemma 5. (converse of Lemma 3) A connected graph G withe =v —1is a tree
Proof: The given graph is connected and

e=v-1.

To prove that G is a tree, it is sufficient to show that G is acyclic. Suppose on
the contrary that G has a cycle. Let m be the number of vertices in this cycle.
Also, we know that number of edges in a cycle is equal to number of
vertices in that cycle. Therefore number of edges in the present case is m.
Since the graph is connected, every vertex of the graph which is not in cycle
must be connected to the vertices in the cycle.

Now each edge of the graph that is not in the cycle can connect only one vertex
to the vertices in the cycle. There are v-m vertices that are not in the cycle. So
the graph must contain at least v — m edges that are not in the cycle. Thus we
have

e>v-m+m=y,

which is a contradiction to our hypothesis. Hence there is no cycle and so the
graph in a tree.

Second proof of Lemma 5: We shall show that a connected graph with v
vertices and v — 1 edges is a tree. It is sufficient to show that G is acyclic.
Suppose on the contrary that G is not circuit free and has a non trivial circuit C.
If we remove one edge of C from the graph G, we obtain a graph G’ which is
connected.
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G G’

If G’ still has a nontrivial circuit, we repeat the above process and remove one
edge of that circuit obtaining a new connected graph. Continuing this process,
we obtain a connected graph G* which is circuit free. Hence G* is a tree. Since
no vertex has been removed, the tree G* has v vertices. Therefore, by Lemma
3, G* has v-1 edges. But at least one edge of G has been removed to form G*.
This means that G* has not more thanv — 1 — 1 = v — 2 edges. Thus we arrive
at a contradiction. Hence our supposition is wrong and G has no cycle.
Therefore G is connected and cycle free and so is a tree.

Lemma 6: A graph G with e =v — 1, that has no circuit is a tree.
Proof: It is sufficient to show that G is connected. Suppose G is not connected

and let G, G"..... be connected component of G. Since each of G', G”,.... is
connected and has no cycle, they all are tree. Therefore, by Lemma 3,

e=v-1
g"=v"-1
where €', €”, ... are the number of edges and v’, V”,... are the number of
vertices in G', G, ...respectively. We have, on adding
e'+e"+ ... =WV -1+ NV -1)+.....
Since
e=e' +e" +.....
V=V +Vv'+, ... ,
we have
e<v-1 ,

which contradicts our hypotheses. Hence G is connected. So G is connected
and acyclic and is therefore a tree.

Example: Construct a graph that has 6 vertices and 5 edges but is not a tree.

Solution: We have, No. of vertices = 6, No. of edges =5 . So the condition e
=v — 1 is satisfied. Therefore, to construct graph with six vertices and 5 edges
that is not a tree, we should keep in mind that the graph should not be
connected. The graph shown below has 6 vertices and 5 edges but is not
connected.
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ivl /V\
V> V3 Vs Ve

Definition: A directed graph is said to be a directed tree if it becomes a tree
when the direction of edges are ignored.
For example, the graph shown below is a directed tree.

Y

Definition: A directed tree is called a rooted tree if there is exactly one vertex
whose incoming degree is 0 and the incoming degrees of all other vertices are
1

The vertex with incoming degree 0 is called the root of the rooted tree.
A tree T with root v will be denoted by (T, vo).

Definition: In a rooted tree, a vertex, whose outgoing degree is 0 is called a
leaf or terminal node, whereas a vertex whose outgoing degree is non - zero is
called a branch node or an internal node.

Definition: Let u be a branch node in a rooted tree. Then a vertex v is said to
be child (son or offspring) of u if there is an edge from u to v. In this case u is
called parent (father) of v.

Definition: Two vertices in a rooted tree are said to be siblings (brothers) if
they are both children of same parent.

Definition: A vertex v is said to be a descendent of a vertex u if there is a
unique directed path from u to v.
In this case u is called the ancestor of v.

Definition: The level (or path length) of a vertex u in a rooted tree is the
number of edges along the unique path between u and the root.

Definition: The height of a rooted tree is the maximum level to any vertex of
the tree.
As an example of these terms consider the rooted tree shown below:

level 0
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| L TP L level 3

Here y is a child of x; x is the parent of y and z. Thus y and z are siblings. The
descendents of u are v, w, t and s. Levels of vertices are shown in the figure.
The height of this rooted tree is 3.

Definition: Let u be a branch node in the tree T = (V, E). Then the subgraph T’
= (V’, E") of T such that the vertices set V' contains u and all of its descendents
and E’ contains all the edges in all directed paths emerging from u is called a
subtree with u as the root.

Definition: Let u be a branch node. By a subtree of u, we mean a subtree that
has child of u as root.
In the above example, we note that the figure shown below is a subtree of T,

S t

where as the figure shown below is a subtree of the branch node u .

w

S t

is a subtree of the branch node u.
Example. Let
V = {v1, V2, V3, V4, Vs, Vg, V7, Vg}
and let
E = ({va, V1), (V2, Va), (Va, V2), (Va, Vs), (Va, Vg), (V6, V7), (V5, V8)}.
Show that (V, E) is rooted tree. Identify the root of this tree.
Solution: We note that
Incoming degree of v; = 1
Incoming degree of v, = 1
Incoming degree of vz = 1
Incoming degree of v, =0
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Incoming degree of vs = 1
Incoming degree of vg = 1
Incoming degree of v; = 1
Incoming degree of vg = 1
Since incoming degree of the vertex vy is 0, it follows that v, is root.

Further,
Outgoing degree of vi =0

Outgoing degree of v3 =0
Outgoing degree of v; =0
Outgoing degree of vg =0
Therefore vy, vy, V7, vg are leaves. Also,
Outgoing degree of v, = 2
Outgoing degree of v4 = 3
Outgoing degree of vs = 1
Outgoing degree of vg =1
Now the root v, is connected to V-, vs and ve. So, we have

V4 (root)

Vs *V ® Vg

Now V> is connected to v; and vs, Vs iS connected to v, Vg iS connected to v5.
Thus, we have V4 (root)

Vg \Zi Ve

Vs V1 V3 vy

We thus have a connected acyclic graph and so (V, E) is a rooted tree with root

V4.
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Definition: A rooted tree in which the edges incident from each branch node
are labeled with integers 1, 2, 3,.... is called an ordered tree.

Definition: Two ordered trees are said to be isomorphic if (i) there exists a
one-to-one correspondence between their vertices and edges and that preserves
the incident relation (ii) labels of the corresponding edges match.

In view of this definition, the ordered trees

are not isomorphic.

Example: Show that the tree T; and T, shown in the diagram below are
isomorphic.

o C ° o2
a d 3
b
e 4 5
T1 T
Solution: We observe that in the tree T;,
deg(b) =4

In the tree To,

deg(3) =4

Further deg(a) = deg(1) = 1, deg ¢ = deg(2), deg(d) = deg(4) = deg(e) =1 =
deg(5). Thus we may define a function f from the vertices of T, to the vertices
of T, by

f(a) = 1, f(b) = 3, f(c) = 2, f(d) = 4, f(e) = 5

This is a one-to-one and onto function. Also adjacency relation is preserved
because if v; and v; are adjacent vertices in Ty, then f(v;) and f(v;) are adjacent
vertices in T,. Hence T is isomorphic to To.

Example: Show that the tree T, and T, shown in the figure below are
isomorphic

zZ S u \Y w

V] ]
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T1 T

Solution: Let f be a function defined by

f(z)=v

f(b) =w

f(x)=m

f(s)=u

ft)y=1.
Then f is an one to one onto mapping which preserves adjacency. HenceT; and
T, are isomorphic.

Definition: Let T, and T, be rooted tree with roots r; and r, respectively. Then
T1 and T, are isomorphic if there exists a one-to-one, onto function f from the
vertex set of T; to the vertex set of T, such that

(i) Vertices vj and v; are adjacent in Ty if and only if the vertices f(v;) and f(v;)
are adjacent in T».

(ii) f(ry) =1,
The function is then called an isomorphism.
Example: Show that the tree T, and T, are isomorphic.

V1 W1

Wy e W3 Wq
Vo V3 V4

W Weg W7
\'3 Vs V7 ° /
Vg

Ws

Solution: We observe that T, and T, are rooted tree.
Define f: (Vertex set of T1) — (Vertex set of T,) by
f(Vl) =W

f(v2) = ws
f(v3) = wy
f(vs) = w,
f(vs) = We
f(ve) = wy
f(v7) = ws

f(ve) = ws
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Then f is one-to- one and adjacency relation is preserved. Hence f is an
isomorphism and so the rooted tree T, and T, are isomorphic
Example: Show that the rooted tree shown below are not isomorphic:

Ta LE
Solution: We observe that the degree of root in Ty is 3, whereas the degree of
root in T, is 4. Hence Ty is not isomorphic to T».

Definition: An ordered tree in which every branch node has atmost n
offspring’s is called a n-ary tree (or n-tree).

Definition: An n-ary tree is said to be fully n-ary tree (complete n-ary tree
or regular n ary tree) if every branch node has exactly n offspring.

Definition: An ordered tree in which every branch node has almost 2
offsprings is called a binary tree (or 2 - tree).

Definition: A binary tree in which every branch node (internal vertex) has
exactly two offspring’s is called a fully binary tree.

For example, the tree given below is a binary tree,

whereas the tree shown below is a fully binary tree.
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Definition: Let T1 and T, be binary trees roots r; and r, respectively. Then T,
and T, are isomorphic if there is a one to one, onto function f from the vertex
set of T, to the vertex set of T, satisfying

(i) Vertices v; and v; are adjacent in T if and only if the vertices f(v;) and f(v;)
are adjacent in T».

(ii) f(ry) = ry

(iii) v is a left child of w in Ty if and only if f(v) is a left child of f(w) in T,

(iv) vis aright child of w in Ty if and only if f(v) is a right child of f(w) in T.
The function f is then called an isomorphism between binary tree T; and T>

Example: Show that the trees given below are isomorphic.

\1 W1
Vo and W
V3 V4 W3 Wy

Solution: Define f by f(v;) = w;, i =1, 2, 3, 4. Then f satisfies all the properties
for isomorphism. Hence T; and T, are isomorphic.

Example: Show that the trees given below are not isomorphic.

V1 Wy
Vo W2
V3 *Ws
Vg Vs 1 * Ws
T T2

Solution: Since the root v; in T1 has a left child but the root wy in T, has no left
child, the binary trees are not isomorphic.

Definition: Let v be a branch node of a binary tree T. The left subtree of v is
the binary tree whose root is the left child of v, whose vertices consists of the
left child of v and all its descendents and whose edges consists of all those
edges of T that connects the vertices of the left subtree together.

The right subtree can be defined analogously.

For example, the left subtree and the right subtree of v in the tree
(shown below) :

root
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. o

oW ®S
[ J [ J
[ J [ J [ J
[ J [ J [ J [ J [ J
are respectively
w S
and
o
(left subtree of v) (right subtree of v)

3.13 Representation of Arithmetic/Algebraic Expressions
by Binary Trees

Binary trees are used in computer science to represent algebraic expressions
involving parentheses. For example, the binary trees

() ()
OO OO
and °

represent the expressions

atb , ab
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and

b« (c = d)
respectively.
Thus, the central operator acts as root of the tree.

Example 1: Draw a binary tree to represent
(i) (2-Bxx)+((x-3)-(2+Xx)
(i) a.b —(c/(d + e)).

Solution: (i) In this expression + is the central operator. Therefore the root of
tree is +. The binary tree is

(i) Here the central operator is —. Therefore it is the root of the tree. We have
the following binary tree to represent this expression.

To derive this formula we first prove the following result :
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Theorem: If T is a full binary tree with i internal vertices, then T has i+1
terminal vertices (leaves) and 2i+1 total vertices.

Proof: The vertices of T consists of the vertices that are children (of some
parent) and the vertices that are not children (of any parent). There is nonchild
— the root, Since there are i internal vertices, each having two children, there
are 2i children. Thus the total number of vertices of T is 2i+1 and the number
of terminal vertices is

i+ —-i=i+1
This completes the proof.

In the context of above example, we have

No. of leaves=p=i+1

Or
i=p-1

Remark: In case of full n-ary tree, if i denotes the number of branch nodes,
then total number of vertices of T is ni + 1 and the number of terminal
vertices is

ni+l-i=i(n-1)+1
If p is the number of terminal vertices, then

p=i(n-1)+1
or

(n-Di=p-1
Example 1: Find the minimum number of extension cords, each having 4
outlets, required to connect 22 bulbs to a single electric outlet.

Solution: Clearly, the graph of the problem is a regular quaternary tree with 22
leaves.
Let i denote the internal vertices and p denote the number of leaves, then using

(n-i=p-1,
we have
4-1)i=22-1
or i= 2—1:7.
3

Thus 7 extension cords as shown below are required.
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o 14
e o o o e o o e o0 o e 13
1 2 314 5 6 7 8 910 11 12
'y 'y
'y o o 'y e o o o
15 16 17 18 19 20 21 22

Example: Does there exist a full binary tree with 12 internal vertices and 15
leaves?

Solution: We know that if i is the number of branch nodes in a full binary tree,
then the number of leaves is i + 1. Therefore for a tree with 12 branch nodes,
the number of leaves should be 13 and not 15. Hence such tree does not exist.

Theorem: The number b, of different trees on n vertices is

(2
n+1{ n

Definition: Let G be a graph, then a subgraph of G which is a tree is called
tree of the graph.

Definition: A spanning tree for a graph G is a subgraph of G that contains
every vertex of G and is a tree.

Or

“A spanning tree for a graph G is a spanning subgroup of G which is a
tree”.

Example: Determine a tree and a spanning tree for the connected graph given
below:

G
Solution: The given graph G contains circuits and we know that removal of the
circuits gives a tree. So, we note that the figure below is a tree.
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And the figure below is a spanning tree of the graph G.

Example: Find all spanning trees for the graph G shown below:

\) p V3 Ve

V1 Vg Vs

Solution: The given graph G has a circuit v; vV, v3 v1. We know that removal of
any edge of the circuit gives a tree. So the spanning trees of G are

V2 p V3 I Ve V2 V[ V3 ] Ve
V1 Vg V5, Vi \Z! Vs
T1 T2

V2 P V3 Ve
Vi e \/N Vs
Ts

Remark: We know that a tree with n vertices has exactly n — 1

edges. Therefore if G is a connected graph with n vertices and m edges, a

spanning tree of G must have n — 1 edges. Hence the number of edges
that must be removed before a spanning tree is obtained must be
Mm-(n-1)=m-n+1

For Illustration, in the above example, n = 6, m = 6, so, we had to
remove one edge to obtain a spanning tree.

Definition: A branch of a tree is an edge of the graph that is in the
tree.

Definition: A chord (or a link) of a tree is an edge of the graph that is
not in the tree.
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It follows from the above remark that the number of chords in a
tree is equal to m — n + 1, where n is the number of vertices and m is the
number of edges in the graph related to the tree.

Definition: The set of the chords of a tree is called the complement of
the tree.

Example: Consider the graph discussed in the above example. We
note that the edge (v, vs) is a branch of the tree Ty, whereas (vi, v3) is a
chord of the tree T;.

Theorem: A graph G has a spanning tree if and only if G is
connected.

Proof: Suppose first that a graph G has a spanning tree T. If v and
w are vertices of G, then they are also vertices in T and since T is a tree
there is a path from v to w in T. This path is also a path in G. Thus every
two vertices are connected in G. Hence G is connected.

Conversely, suppose that G is connected. If G is acyclic, then G is
its own spanning tree and we are done. So suppose that G contains a cycle
C,. If we remove an edge from the cycle, the subgraph of G so obtained is
also connected. If it is acyclic, then it is a spanning tree and we are done. If
not, it has at least one circuit, say C, . Removing one edge from C, we get
a subgraph of G which is connected. Continuing in this way, we obtain a
connected circuit free subgraph T of G. Since T contains all vertices of G,
it is a spanning tree of G.

Cayley’s Formula : The number of spanning trees of the complete
graph K, n >2isn™2.
(Proof of this formula is out of scope of this book)

Example: Find all the spanning trees of K.
Solution: According to Cayley’s formula, K; has 4*2 = 4? = 16
different spanning trees.
V4 V3

V1 \"
Ks
Here n = 4, so the number of edges in any tree should ben—-1=4 -1 = 3. But
here number of edges is equal to 6. So to get a tree, we have to remove three
edges of K,. The 16 spanning trees so obtained are shown below:

Vi e \/y V1 Vo
V4>< S > <

V3
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Vie *V; Vie * V2
V4 [ ] [ V) V4. [ ] V3
Vie V> Vi e oV

V4 V3 Vie————eV;3
vy [—] Vo Vie————e V),

Vg V3 Vg V3
V4 V3 Vg V3
) N . M )

Vg V3 Vy @ » V3

Vi [ : V2 Vl/] 7

Vy V3 V4 / V3
Vi ® ¥ \/o V1 % \/»

3.14. Shortest Path Problem

Let s and t be two vertices of a connected weighted graph G. Shortest Path
problem is to find a path from s to t whose total edge weight is minimum.
We now discuss Algorithm due to E. W. Dijkstra which efficiently solve the
shortest path problem. The idea is to grow a Disjkstra tree, starting at the
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vertex s, by adding, at each iteration, a frontier edge, whose non-tree end point
is as close as possible to s. The algorithm involves assigning labels to vertices.
For each tree vertex x, let dist [x] denote the distance from vertex s to x and for
each edge e in the given weighted graph G, let w(e) be its edge — weight.

After each iteration, the vertices in the Dijkstra tree (the labeled vertices) are
those to which the shortest paths from s have been found.

Priority of the Frontier Edges : Let e be a frontier edge and let its P - value
be given by
P(e) = dist [x] + w(e),

where x is the labeled end point of e and w(e) is the edge —
weight of e. Then

(i) The edge with the smallest P — value is given the highest priority.

(it) The P — value of this highest priority edge e gives the distant from the
vertex s to the unlabeled endpoint of e.

We are now in a position to describe Dijkstra shortest path algorithm.

DIJKSTRA’S SHORTEST PATH ALGORITHM

Input : A connected weighted graph G with non-negative edge-weights and a
vertex s of G.

Output : A spanning tree T of G, rooted at the vertex s, whose path from s to
each vertex v is a shortest path from sto v in G and a vertex labeling giving the
distance from s to each vertex.

Initialize the Dijkstra tree T as vertex s.
Initialize the set of frontier edges for the tree T as empty.

dist: [s] = 0.
Write label O on vertex s.
While Dijkstra tree T does not yet span G.

For each frontier edge e for T,
Let x be the labeled endpoint of edge e.

Let y be the unlabeled endpoint of edge e.

Set P(e) = dist [X] + w(e)
Let e be a frontier edge for T that has smallest P — value

Let x be the labeled endpoint of edge e
Let y be the unlabeled endpoint of edge e

Add edge e (and vertex y) totree T
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dist [y] : P(e)
Write label dist [y] on vertex y.

Return Dijkstra tree T and its vertex labels.

Example : Apply Dijkstra algorithm to find shortest path from s to each other
vertex in the graph given below :

S
13 8
10
\Y YA
11 v
. 7
w
y
14 5

If t is the labeled endpoint of edge e, then P — values are given by
P(e) = dist [t] + w(e),

where dist [t] = distance from s to t and w(e) is the edge weight of edge e. For
each vertex v, dist [v] appears in the parenthesis.  Iteration tree at the end of
each iteration is drawn in dark line

Iteration 1 Iteration 2
s(0) $(0)
13
NS 13/ I
\% z (8)|v z(8)
11
7
y
5
e X e X
dist[s] =0 P(sw) =13 (minimum)
dist[z]=8 P(zy)=8+7=15 dist[s]=0 P(zy) =8 + 7 =15
(minimum)
P(sy) = 16 dist[z]=8 P(zx)=8+17=25

P(zv) =8+ 10=18 dist[w] =13 P(zv)=8+10=18
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P(zw) =8 +11=19 P(sy) = 16
P(zx) =8+ 17=25 P(wx) =13 + 14 =27
Iteration 3 Iteration 4

0)
1%(& v(18) K’/M
2(8) z(8)

11
) /> ’
w(13) y(15) w(13) y(15)
14 5
* X
dist [s] =0 P(zv) = 18 (minimum) Dist[s]=0  P(yx) = 20
(minimum)
dist[zZ] =8 P(zx)=8+17=15 Dist[zZ] =8 P(zx)=8+17=25
dist [w]=13 P(wx) =13+ 14 =27 Dist[w] =13 P(vx) = 18 + 6 =
14
dist[y]=15 P(yx)=15+5=20 Dist[y] =15 P(wx) =13 + 14 =
27
Dist [v] = 18
Iteration 5
s(0
v(18) z(8)
w(13)
y (15)
dist[s]=0 X (20)
dist [z] =8
dist [w] =13
dist [y] =15
dist [x] =20

which are the required shortest paths from s to any other point. The Dijkstra
tree is shown in dark lines.

/
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v(18) e ez (8)

w(13)
oy (15)

e X (20)
Example: Find a shortest path from s to t and its length for the graph given
below:

a 3 b
2 2
T
2 2
c 1 d

Solution: Let x be the labeled endpoint of edge e, then P-values are given by
P(c) = dist [x] + w(e),

where dist [x] denotes the distance from s to x and w(e) is the weight of the
edge e.

For each vertex v, dist [v] appears in the bracket. Iteration tree at the end of
each iteration is shown in dark lines.

Iteration 1 Iteration 2
a 3 b a 3 b
2 Z 2 Z
0=t ol T o
1 2 1 ?
cl) 1 d c(1) 1 d
dist[s]=0 P(cd)=2 dist[s]=0 P(ab)=2+3=5
dist[c]=1 P(sa)=2(minimum) | dist[c]=1 P(cd)=1+1=2
(minimum)
P(sb) = dist[a]=2 P(dt)=o0
P(st) = P(bt)=ow
P(dt) = P(ad)=3
P(bt) =
Iteration 3 Iteration 4
2 a2 3 2 a@2) 3 b
Pt G
cl) 1 d@ cl) 1 d@)

dist[s] =0 P(dt) =2 (minimum)| dist [s] =0 P(ab)=5




dist[c]=1 P(ab)=5 dist[c] =1
dist[a] =2 P(bt)=o dist [a] = 2
dist [d] =2 dist [d] =2
dist [t] =4
Iteration 5

a2) 3 b(5)

2 2
5(0) <\>t(4)
2 2

cl) 1 d@Q)

dist [s] =0

dist [c] =1

dist [a] =2

dist[d] =2

dist[t] =4

dist[b] =5
Thus, the Dijkstra tree is
a(2) b(5)

s© <_ @

;(1) ('1(2)

Thus the shortest path is scdt and its length is 4.

3.15. Shortest Path if all Edges Have Length 1

P(bt)=o
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If all edges in a connected graph G have length 1, then a shortest path v — vk
is the path that has the smallest number of edges among all paths vl — vk in

the given graph G.

Moore’s Breadth First Search Algorithm

This method of finding shortest path in a connected graph G from a vertex s to

a vertex t is used when all edges have length 1.

Input : Connected graph G = (V, E), in which one vertex is denoted by s and

one by t and each edge (v;, v;) has length 1.
Initially all vertices are unlabeled.
Output : A shortest paths —> tin G = (V, E).

1. Label s with O.
2.Setvi=0

3. Find all unlabeled vertices adjacent to a vertex labeled v;.
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4. Label the vertices just found with vi.;

5. If vertex t is labeled, then “back tracking” gives the shortest path. If k is
level of t(i.e., t = vi), then

Output : Vi, Vi1, «evvene.. vy, 0.

Else increase i by 1. Go to step 3.
End Moore.

Remark : There could be several shortest path from s to t.

Example : Use B F S algorithm to find shortest path from s to t in the
connected graph G given below:

b(2) c(3)

Solution : Label s with 0 and then label the adjacent vertices with 1. Thus two
vertices have been labeled by 1. Now Label the adjacent vertices of all vertices
labeled by 1 with label 2. Thus three vertices have been labeled with 2. Label
the vertices adjacent to these vertices (labeled by 2) with 3. Thus two vertices
have been labeled with 3. We have reached t. Now back tracking yields the
following shortest paths

t(3), e(2), f(1), s(0), that is, s fe t
or

t(3), b(2), a(1), s(0), thatissab't
or

t(3), e(2), a(1), s(0), that is,saet
Thus there are three possible shortest paths of length 3.

3.16 Minimal Spanning Tree

Definition : Let G be a weighted graph. A spanning tree of G with minimum
weight is called minimal spanning tree of G.

We discuss two algorithms to find a minimal spanning tree for a weighted
graph G.
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PRIM ALGORITHM

Prim algorithm builds a minimal spanning tree T by expanding outward in
connected links from some vertex. In this algorithm one edge and one vertex
are added at each step. The edge added is the one of least weight that connects
the vertices already in T with those not in T.

Input : A connected weighted graph G with n vertices

Output : The set of edges E in a minimal spanning tree.

1. Choose a vertex v; of G. LetV ={vi}andE={ }.

2. Choose a nearest neighbour v; of V that is adjacent to v;, vj € V and for
which the edge (vi, v;) does not form a cycle with member of E. Add v; to V
and add (vj, vj) to E.

3. Repeat step 2 till number of edges in T is n — 1. Then V contains all n
vertices of G and E contains the edges of a minimal spanning tree for G.

Definition: A greedy algorithm is an algorithm that optimizes the choice at
each iteration without regard to previous choices.

For example, Prim algorithm is a greedy algorithm.

Example: Find a minimal spanning tree for the graph shown below :

Solution: We shall use Prim algorithm to find the required minimal
spanning tree. We note that number of vertices in this connected weighted
graph is 6. Therefore the tree will have 5 edges.

We start with any vertex, say c. The nearest neighbour of c is f and (c f) does
not form a cycle. Therefore (c, f) is the first edge selected.

Now we consider the set of vertices V = {c, f}. The vertex a is nearest
neighbour to V = {c, f} and the edge (c, a) does not form a cycle with the
member of set of edges selected so far. Thus

E={(c,f),(c,a}and V ={c, 1, a}.

The vertex b is now nearest neighbour to V = {c, f, a} and the edge (a, b) do
not form a cycle with the member of E = {(c, f), (c, a)}. Thus

E={(c, 1), (c,a),(a,b)}and V={c, T, a, b}
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Now the edge (b, ¢) cannot be selected because it forms a cycle with the
members of E. We note that d is the nearest point to V = {c, f, a, b} and (c, d)
is the edge which does not form a cycle with members of E = {(c, f), (c, a), (a,
b)}. Thus we get

E={(cf),(c,a),(ab)} (c,d)}, V={cf abd}

The nearest vertex to V is now e and (d, €) in the corresponding
edge. Thus

E={(c, 1), (c,a),(ab),(d,e),V={cfab,d e}

Since number of edges in the Prim Tree is 5, the process is complete. The
minimal spanning tree is shown below :

The length of the treeis1+4+2+8+6=21

Example : Using Prim algorithm, find the minimal spanning tree of the
following graph :

Solution : Pick up the vertex a. Then
E={} and V={a}.

The nearest neighbour of V is b or d and the corresponding edges are (a, b) or
(a, d). We choose arbitrarily (a, b) and have

E={(a,b)}, V={ab}

Now d is the nearest neighbour of V = {a, b} and the corresponding edge (a, d)
does not form cycle with (a, b). Thus we get

E={(a,b), (a d)} V={ab,d}

Now e is the nearest neighbour of {a, b, d} and (d, e) does not
form cycle with {(a, b), (c, d)}. Hence

E={(b), (ad),(d, e} V={ab,de}
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Now c is the nearest neighbour of V = {a, b, d, e} and the corresponding edges
are (e, c), (d, ¢). Thus we have, choosing (g, c) ,
E={(@a b), (c.d) (de) (e )} V=A{a
b,d, e, c}

Total weight=3+3+1+2 =9
(If we choose (d, c), then total weightis3+3+1+2=9)

The minimal tree is

3 ) 3
or
1 3 1M
3 ° °

KRUSKAL’S ALGORITHM

In Kruskal’s algorithm, the edges of a weighted graph are
examined one by one in order of increasing weight. At each stage an
edge with least weight out of edge-set remaining at that stage is added
provided this additional edge does not create a circuit with the members
of existing edge set at that stage. After n — 1 edges have been added,
these edges together with the n vertices of the connected weighted
graph form a minimal tree.

ALGORITHM

Input : A connected weighted graph G with n vertices and the set E = {e,
A ,ex} of weighted edges of G.

Output : The set of edges in a minimal spanning tree T for G.
Step 1. Initialize T to have all vertices of G and no edges.

Step 2. Choose an edge e; in E of least weight. Let
E*={ei}, E=E—{e1}
Step 3. Select an edge e; in E of least weight that does not form circuit with
members of E*. Replace E* by E* U {e;} and E with E — {e;}.
Step 4. Repeat step 3 until number of edges in E* is equal to n — 1.

Example : Use Kruskal’s algorithm to determine a minimal spanning tree for
the connected weighted graph G shown below :
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Vi

Vi
2\
Vy @ *\/5

Solution : The given weighted graph has five vertices. The minimal spanning
tree would have therefore 4 edges.
Let
E = {(v1, v2), (V1, Va), (V1, Vs5), (V2, V3), (V1, V3),
(V21 V4)! (V4’ V5)' (V5l V3)l (V3’ V4)}

The edges (v, v4) and (vs, vs) have minimum weight. We choose arbitrarily
one of these, say
(V2, v4). Thus

E* = {(v2, va)},

E=E—{(v2, v4)}.
The edge (vs, vs) has minimum weight, so we pick it up. We have thus

E* = {(v2, va), (v3, v5)},

E=E—{(v2 va), (v3, vs)}
The edges (v1, v4) and (v1, vs) have minimum weight in the remaining edge set.
We pick (v, v4) say, as it does not form a cycle with E*. Thus

E* = {(v2, Va), (V3, V5), (V1, Va),

E=E —{(v2, Va), (V3, Vs), (V1, Va)}

Now the edge (v1, vs) has minimum weight in E \ {(v1, V4), (V3, Vs), (V1, V4)}

and it does not form a cycle with E*. So, we have

E* = {(v2, Va4), (V3, V5), (V1, Va), (V1, V5)}
and

E =E —{(v2, Va), (V3, Vs), (V1, Va), (V1, V5)}
Thus all the four edges have been selected. The minimal tree has the edges.

(V2, Va), (V3, Vs), (V1, Va), (V1, Vs)

/

and is shown below :
V1
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vV, e 3 3 ® V3

2 2
Vye '
(Minimal Spanning tree)

Remark : In the above example, if we had chosen (e, f) in place of (c, f) in the
last step, then the minimal spanning tree would have been

(minimal spanning tree)
3.17 Cut Sets
Let G be a connected graph. We know that the distance between two vertices
v1 and vy, denoted by d(vs, Vvy), is the length of the shortest path.
Definition: The diameter of a connected graph G, denoted by diam (G), is the
maximum distance between any two vertices in G.

For example, in graph G shown below, we have

ae » b

G
d(a,e) =3,d(a, c) =2, d(b, &) =2 and diam (G) = 3.

Definition: A vertex in a connected graph G is called a cut point if G — v is
disconnected, where G — v is the graph obtained from G by deleting v
and all edges containing v.

For example, in the above graph, d is a cut point.
Definition: An edge e of a connected graph G is called a bridge (or cut edge)

if G — e is disconnected, where G — e is the graph obtained by deleting the edge
e.
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For example, consider the graph G shown below :

€1

a. hd e2 b

e

€3 4
C

d
€5
e

We observe that G — e3 is disconnected. Hence the edge e is a bridge.

Definition: A minimal set C of edges in a connected graph G is said to be a cut
set (or minimal edge — cut) if the subgraph G — C has more connected
components than G has.

For example, in the above graph, if we delete the edge (b, d) = e3, the
resulting subgraph G — ez is as shown below :

€1
aé 5 b
€4
C
€5

eC

Thus G — ez has two connected components

a/_\b d

€
and €s
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€4
o C e €

So, in this example, the cut set consists of single edge (b, d) = e3, which is
called edge or bridge.

Example: Find a cut set for the graph given below:

Solution : The given graph is connected. It is sufficient to reduce the graph
into two connected components. To do so we have to remove the edges ey, s,
es, s, €7. The two connected components are

V2
€s €2

Vi ® . Vs and V3
€3

Vg

But, if we remove any proper subset of {ei, es, €5, €5, €7}, then there is no
increase in connected components of G.
Hence

{e1, €4, €5, €, €7}
is a cut set.

Example: Find a cut set for the graph

Solution: The given graph is a connected graph. We note that removal of the
edges ey and ej creates two connected components of G shown below:
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e €
€s
a €9 g
€11
f

Hence the set {e7, e10} is a cut set for the given graph G.

Theorem: Let G be a connected graph with n vertices. Then G is a tree if and
only if every edge of G is a bridge (cut edge).
(This theorem asserts that every edge in a tree is a bridge).

Proof: Let G be a tree. Then it is connected and has n — 1 edges (proved
already). Let e be an arbitrary edge of G. Since G — e has n — 2 edges, and also
we know that a graph G with n vertices has at least n — ¢(G) edges, it follows
that n — 2 > n — ¢(G — e). Thus G — e has at least two components. Thus
removal of the edge e created more components than in the graph G. Hence e is
a cut edge. This proves that every edge in a tree is a bridge.

Conversely, suppose that G is connected and every edge of G is a
bridge. We have to show that G is a tree. To prove it, we have only to show
that G is circuit — free. Suppose on the contrary that there exists a cycle
between two points x and y in G. Then any edge on this cycle is

— >

X y
not a cut edge which contradicts the fact that every edge of G is a cut edge.
Hence G has no cycle. Thus G is connected and acyclic and so is a tree.

3.18 Relation Between Spanning Trees, Circuits
and Cut Sets

A spanning tree contains a unique path between any two vertices in the graph.
Therefore, addition of a chord to the spanning tree yields a subgraph that
contains exactly one circuit. For example, consider the graph G shown below:

V1

\/) V3

Vy Vs
G
For this graph, the figure given below is a spanning tree :
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V1

Vo » V3

Vo &———— Vs

(Spanning tree)

The chords of this tree are (vi, v2) and (vz, vg). If we add (vi, v2) to this
spanning tree, we get a circuit vi Vi V, V3 V1. Similarly addition of (vo, v4) gives
one more circuit Vo V3 Vs V4 V. If there are v vertices and e edges in a graph,
then there are e — v + 1 chords in a spanning tree. Therefore, if we add all the
chords to the spanning tree, there will be e — v + 1 circuits in the graph.

Definition: Let v be the number of vertices and e be the number of edges in a
graph G. Then the set of e — v + 1 circuits obtained by adding e — v + 1 chords
to a spanning tree of G is called the fundamental system of circuits relative
to the spanning tree.

A circuit in the fundamental system is called a fundamental circuit.
For example, {v1, vz, vs, v1} is the fundamental circuit corresponding to

the chord (vi, v2).

On the other hand, since each branch of a tree is cut edge, removal of
any branch from a spanning tree breaks the spanning tree into two trees. For
example, if we remove (vi, v3) from the above figured spanning tree, the
resulting components are shown in the figure below :

.Vl

V) &—# V3

Vo &——— Vg

Thus, to every branch in a spanning tree, there is a corresponding cut set.
But, in a spanning tree, there are v — 1 branches. Therefore, there are v — 1 cut
sets corresponding to v — 1 branches.

Definition: The set of v — 1 cut sets corresponding to v — 1 branches in a
spanning tree of a graph with v vertices is called the fundamental system of
cut sets relative to the spanning tree.
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A cut — set in the fundamental system of cut — sets is called a
fundamental cut set.

For example, the fundamental cut — sets in the spanning tree (figured
above) is

{(v1, v2), (v1, Va)}, {(V1, Va), (V2, V3), (V3, Va)},

{(va, Vs), (a4, Vs5)}, {V2, Va), (V4, V5)}.

Theorem: A circuit and the complement of any spanning tree must have at
least one edge in common.

Proof: We recall that the set of all chords of a tree is called the complement of
the tree. Suppose on the contrary that a circuit has no common edge with the
complement of a spanning tree. This means the circuit is wholly contained in
the spanning tree. This contradicts the fact that a tree is acyclic (circuit — free).
Hence a circuit has at least one edge in common with complement of a
spanning tree.

Theorem: A cut — set and any spanning tree must have at least one edge in
common.

Proof: Suppose on the contrary that there is a cut set which does not have a
common edge with a spanning tree. Then removal of cut set has not effect on
the tree, that is, the cut set will not separate the graph into two components.
But this contradicts the definition of a cut set. Hence the result.

Theorem: Every circuit has an even number of edges in common with every
cut — set.

Proof: We know that a cut — set divides the vertices of the graph into two
subsets each being set of vertices in one of the two components. Therefore a
path connecting two vertices in one subset must traverse the edges in the cut
set an even number of times. Since a circuit is a path from some vertex to
itself, it has an even number of edges in common with every cut — set.

3.19 Tree Searching

Let T be a binary tree of height h > 1 and root v. Since h > 1, v has at
least one child : v and / or vg. Now v and vg are the roots of
the left and right subtrees of v called T, and Tg respectively.

v Level O

vR Level 1

Level 2
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° ° ° Level 3
. o Level 4
Left subtree T Right subtree Tr
(dotted circle) (dotted circle)

Definition: Performing appropriate tasks at a vertex is called visiting the
vertex.

Definition: The process of visiting each vertex of a tree in some specified
order is called searching the tree or walking or traversing the tree.

We now discuss methods of searching a tree.

PREORDER SEARCH METHOD

Input : the root v of a binary tree.

Output : Vertices of a binary tree using pre-order traversal

1. Visitv
2. If vi_ (left child of v) exists, then apply the algorithm to (T(vy), vi.)
3. If vg (right child of v) exists, then apply this algorithm to (T(vr), VRr).

End of Algorithm preorder.
In other words, preorder search of a tree consists of the following steps:

Step 1. Visit the root
Step 2. Search the left subtree if it exists

Step 3. Search the right subtree if it exists.

Example 1: Find binary tree representation of the expression
(@=b)x(c+(d+e))

and represent the expression in string form using pre-order traversal.

Solution: In the given expression, x is the central operator and therefore shall
be the root of the binary tree. Then the operator — acts as v, and the operator +
acts as vg. Thus the tree representation of the given expression is
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The result of the pre-order traversal to this binary tree is the string

x —ab+c+de
This form of the expression is called prefix form or polish form of the
expression

(@=b) x(c+(d=e))

In a polish form, the variables a, b, c,...are called operands and —, +, x,
-+ are called operators. We observe that, in polish form, the operands follow
the operator.

PROCEDURE TO EVALUATE AN EXPRESSION GIVEN IN
POLISH FORM

To find the value of a polish form, we proceed as follows:

Move from left to right until we find a string of the form K x y, where K is
operator and x, y are operands.

Evaluate X K y and substitute the answer for the string K x y. Continue this
procedure until only one number remains.

Example: Find parenthesized form of the polish expression
-+ABC

Solution: The parenthesized form of the given polish expression is derived a
follows:

- (A+B)C
(A+B)-C

The corresponding binary tree is

POSTORDER SEARCH METHOD

Algorithm
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Step 1. Search the left subtree if it exists
Step 2. Search the right subtree if it exists
Step 3. Visit the root

End of algorithm

Example: Represent the expression
(A+B)*(C-D)
as a binary tree and write the result of postorder search for that tree.

Solution: The binary tree expression (as shown earlier) of the given algebraic
expression is

Q)

@) S
® ® © ©
The result of postorder search of this tree is
AB+CD-=*

This form of the expression is called postfix form of the expression or reverse
polish form of the expression.

In postfix form, the operator follows its operands.

Example: Find the parenthesized form of the postfix form
ABC**CDE+/-

Solution: We have

1. ABC**CDE+/—

2. A(B*C)*C(D+E)/-

3. (A*(B*C))(C/(D+E)) -
4. (A*(B*C))—(C/(D +E))

The corresponding binary tree is




211

N d

Example: Evaluate the postfix form

21 —342 + + x
Solution: We have

21 - 342 + + x

=(2-1) 342 + + x

=13 (4+2)+x

=132 + x

=1(3+2)x

=15x

=1x5

=5.
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Unit-4
Computability Theory

4.1. Finite State Machine

Definition: A finite — state machine (or complete sequential machine) is an
abstract model of a machine with a primitive internal memory. A finite state
machine M consists of

(1) A finite set I of input symbols

(2) A finite set S of “internal” states
(3) A finite set O of output symbols
(4) An initial stage sp in S
(5) A next —stage functionf:Sx1—S
(6) An output functiong:S x1— O
A finite state machine M is denoted by

M=M(I,S, O, sy, f, g).

Example: 1. Let us take
I ={a, b}
S = {50, S1, S2)

O0={x,y, z}
Initial State is sg

Next state function f : S x I — S defined by
f(So,a) =51, T(S1,a)=52 T(S2,a)=50
f(so,b) =5 f(s1,b)=s1 fF(s2,b)=51

Output function g : S x I — O defined by
g(So,8) =X, 9(s,8)=X, 9(s2,8)=2
g(sob)=y, 9(s1,b)=2z, 9g(s2,b) =y

Then M = M(I, S, O, sy, f, g) in a finite state machine.

TRANSITION (STATE) TABLE AND TRANSITION (STATE) DIAGRAM

There are two ways of representing a finite state machine M in a
compact form:
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(A) : Transition (State) Table : In this table the functions f and g are
represented by a table.
Thus, in case of the above example, the transition table is

f g
a b a b
S
So S1 S XYy
S1 So §1 X
S So S1 z'y

(B) Transition (State) diagram: A transition diagram of a finite state machine
M is a labeled directed graph in which there is a node for each state symbol in
S and each node is lebeled by a state symbol with which it is associated. The
initial stage is indicated by an arrow. Moreover, if f(s;, &) = sk and g(si, &) =
Oy, then there is an arrow (arc) from s; to sx which is labeled with the pair g;,
Or. We usually put the input symbol a; near the base of the arrow (near s;) and
the output symbol O, near the centre of the arrow. (Also, we can represent it
by a;/Oj near the centre of the arrow)
Thus, the transition diagram of the finite state machine in
the above example IS

alx blz N /N

OR a/z \b/ bly/ alx

Z ©

Example: Letl={a b}, O={0,1}and S {so, s1}. Let so be the initial state.
Definef: S x1— Shy

f(So, @) = So, (S0, b) =54, f(S1, @) =51, f(S1, b) =51
and defineg:Sx1— O by

9(So, @) = 0, 9(s0, b) = 1, 9(s1, @) =1, 9(s1, b) = 0

Then M = M(I, S, O, sy, f, g) is a finite state machine. Its transition table
representation is given below:
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f G
a b a b
S
So So S1 0 1
S1 S1 $1 1 0

The transition diagram for this finite state machine is

a/0 a/l
IV o I
b/0
b/1

Remark: We can regard the finite state machine M = M(l, S, O, so, f, g) as a
simple computer. We begin in state S, input a string over I, and produce a
string of output.

INPUT AND OUTPUT STRINGS

Let M = M(1, S, O, sy, f, g) be a finite state machine. An input string for M is
a string over 1.

The string
YiY2 oenennn Yn

is the output string for M corresponding to the input string
X1 X2eneevenXn

if there exists states S, S, ...... ,Sn € S such that

si=f(sie, X)) fori=1,2,......,n
Yi=g(Sie, Xi) foi=1,2,....... n

Example: In the above example, we had taken
I ={a, b}, O={0, 1} and S {so, S1}
with
f(So, @) = So, (S0, b) = s1, f(S1, @) =531, f(S1, b) =51

and
g(so, @) =0, g(so, b) =1, g(s1, @) = 1, g(s1, b) =0

We had shown that M = M(l, S, O, so, f, g) isa F S M. We want to find the
output string to the input string
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aababba
for this machine.

Initially we are in a state So.  The first symbol input is a. Therefore the output
is g(So, @) = 0. The edge points out to Sp. Next symbol input is again a. So again
we have g(So, a) = 0 as the output and the edge points out to Sp . Next b is the
input symbol and so g(sp, b) = 1 as the output and there is a state of change s.
Next symbol is a, so g(s1, @) = 1 as the output and the state is s;. Now b is input
and so g(s1, b) = 0 as the output. Again b is input and s; is the state, so g(ss, b)
= 0. The last input symbol is a and the state is s;. Therefore g(s;, @) = 1 as the
output symbol.
Thus the output string is

0011001
Example: Consider the F S M of example .... Let the input string be

abaab.
we begin by taking Sy as the initial stage. Using State diagram we have

a, X b, z a, X a, 2z b,y
So > S S1 S2 So S2

Hence the output string is
XZXZYy

BINARY ADDITION

We want to describe a finite state machine M which can perform binary
addition. Suppose that the machine is given the input
1101011

+0111011 ,
then we want to have the output to be the binary sum
10100110
Thus the input is the string of pairs of digits to be added:
11,11, 00, 11,01, 11,10, b
where b denotes blank spaces and the output should be the string
0,1,100,1,0,1

We also want the machine to enter a state called “stop” when the machine
finishes the addition.
The input symbols are
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I ={00, 01, 10, 11, b}
and the output symbols are

0={0,1,b}

The machine that we construct will have three states:
S = {carry(c), no carry (nc), stop(s)}.

In this case nc is the initial state.
In fact, given an input x y, we take one of three actions :
(A)we add x and y if carry bitis 0
(B) we add x, y and 1 if carry bitis 1
(C) we stop

Next, we consider the possible inputs at each vertex. For examples if 00 is
input to nc, we should output 0 and remain in the state nc. Thus nc has a loop
labeled 00/0. As another example, if 11 is input to ¢, we compute 1 + 1 =11. In
this case we output 1 and remain in the state C. Thus C has a loop labeled 11/1.
As a final example, if we are in state NC and 11 is input, we should output O
and move to the state G. By considering all possibilities, we arrive at the
transition diagram given below:

10/1 10/0

00/0

01/0

11/1
011

Limitation of Machines: There is no finite state machine which can
perform binary multiplication.

Generalization of f and g in the definition of F S M: Consider a
SEqUENCE Xp X1 seeees of input symbols. Let sy be the initial stage. Then the
next state s; of the machine for the input X, is given by s; = f(so, Xo) = f1(So,
Xo) say, where f = f;: S x | — S. Next consider the change in state due to
second input symbol x; and the next state is s, = f(S1, X1) = f(f1(So, Xo), X1) =
f2(So, Xo X1), Where f,: S x 12 = S. The next state due to third input
symbol X is s3 = (S, X2) = f(f2(So, Xo X1), X2) = f3(So Xo X1 X2), Where f3 :
S x I¥ - S. Continuing in this fashion, we can define a function
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fn: S x 1" — Ssuch that

Sn = f(fr-1(S0, X0 X1e0eeXn-2), Xn-1) = (S0, X0 X10eeeeXn-1)
Similarly, the output symbol 0y, 01, ..... can be described with the help of g
as shown below :

0o = 9(So, Xo) = 91(So, Xo)

01 = g(S1, X1) = g(f1(So, X0), X1) = g2(So, X0, X1)

Op-1-= g(sn_l, Xn—l) = gn(So, Xo X1....Xn_1) .
4.2. Equivalence of Finite State Machines

The aim of this section is to obtain an equivalent minimal machine for
some given machine. First we treat equivalent states. Intuitively, two states
are equivalent if and only if they produce the same output for any input
sequence. Thus we can make the following definition:

Definition: Let M = M{l, S, O, s, f, g) be a finite state machine. Two states
Si, Sj € S are said to be equivalent, written as s;=s;, if and only if

g(si, X) = g(sj, x) for every word x € I*,
where I* denotes the set of words on the input alphabets.

It can be seen that the relation = is an equivalence relation.
Theorem: Let s be any state in a finite — state machine and let x and y be

any words. Then

f(s, xy) = f(f(s, x), y)
and

g(s, x y) = g(f(s, x), y).
Proof: We shall prove the theorem by induction on length of y. Let y = a.
Then

f(s, x @) = f(f(s, x), @)
Assume that the equation is true for any y of length n, that is,

f(s, x'y) = f(f(s, x), y)

We want to show that it is true for y having n + 1 symbols.
From the generalized definition, we can write

(s, x y a) = f(f(s, x y), a) = f(f(f(s, x), y), a)
by the induction hypothesis. Taking s’ = f(s, x) ,we have
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fFEFGS x).y),a)=1(f(s,y) a)
=f(s".y a)
=f(f(s,x),y a)
The result regarding g may be established similarly.

Theorem: Let M = M(1, S, O, s, T, g) be a finite state machine. If the states
s; and s; are equivalent, then for any input sequence X,
f(si, X) = f(sj, x),

that is, if two states are equivalent, then their next states are also
equivalent.
Proof: Since s; = s;, it follows by definition that
g(si, X y) = 9(sj, X y) @
for any input word x y. Then, by the above theorem, (1) reduces to
9(f(si, x) ) = 9(f(s;, x), y)

for any y belonging to the set of words I*, which in term of definition of
equivalence of states implies
f(si, X) = 1(sj, X) ,

that is the next states are equivalent.

Definition: Let M = (I, S, O, s, f, g) be a finite state machine. Then for
some positive integer kK, s; is said to be k — equivalent to s; if and only if

g(si, X) = 9(sj, x) for all x such that | x | <k.

Obviously, equivalence of states is a generalization of k —equivalence of
states for all k, that is,
k
Si=S85=Si = §j
but not conversely.

Definition: Let M = (I, S, O, s;, f,g)and M’ = (I, S, O, s, T, g’) be finite —
state machines. Then M is said to be equivalent to M’, written as M = M’ if
and only if for all s; € S, there exists an s’; € S" such that

Sj = §j
and for all s; € S, there exists an s; € S such that
Si= S'j.

The relation = is an equivalence relation.
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For example, consider two finite state machines whose

transition tables are

f g
I 0 1 0 1
S
So S5 S3 0 1
S1 S1 Sa 0 0
S2 S1 S3 0 0
S3 S1 S 0 0
S4 S5 S 0 1
Ss S4 S1 0 1
M(1, S, O, S, f, 9)
and
f’ g’
0 1 0 1
I
So Sy’ Sy 0 1
S1 s1' So 0 0
2 Sy’ Sy 0 0
53 so' St 01

M1, S, 0,5, f',g)

Observe that so’ in M’ is equivalent to sp and s4 in M; s;” in M’ is equivalent to
sp in M; sp" in M’ is equivalent to s, and sz in M, and s3’ in M’ is equivalent to
S5 in M. Also note that the functions g and g’ are same for the indicated
correspondence, but this is only a necessary condition for equivalence, not a
sufficient one.

Definition: A finite state machine M = (1, S, O, s;, f, g) is said to be reduced if
and only if s; = s; implies that s; = s; for all states s;, sj € S.



220

Thus, a reduced finite state machine is one in which each state is
equivalent to itself and to no other. The partition of S in such machine has
all its equivalence classes consisting of a single element.

CONSTRUCTION OF A REDUCES FINITE STATE MACHINE
WHICH IS EQUIVALENT TO
SOME GIVEN MACHINE

Let M be a given machine. Let the set of states S be partitioned in a set of
equivalence classes [s] such that partition P = U[s]. Let ¢ be the function
defined on the partition P such that ¢([s]) = s’, where s’ is an arbitrary fixed
element of [s], called a representative. Clearly s’ = s in M. Let S’ in M’ be
defined as

S’ ={s' : there exists s € S such that ¢([s]) = s}

and let I’ = I and O’ = O, that is, both machines will have the same input and
output alphabets. The functions f’ and g’ are defined as follows :

f'(s', a) = o([f(s", a)])

and

g'(s’,a) = g(s', @),
where s’ is both in S and S’. Therefore, the reduced machine is M’ = (I, S, O,
si' ', 9.

Remark: Applying this procedure to the machines in the last example, we
see that M’ is equivalent reduced machine of the machine M.

Theorem: Let M = M(1, S, O, s;, f, g) be a finite — state machine. Then there
exists an equivalent machine M’ with a set of states S’ such that S' ¢ S and
M’ is reduced.

(Proof of this theorem is out of the scope of the course)

Definition: Let M = (I, S, O, s, f,g) and M’ = (I, ', O, s/, f’, g') be two
finite state machines. Let ¢ be a mapping from S into S’. Then ¢ is called a
finite state homorphism if

f(s,a) =f'(p(S),a
o(f(s.a) , (0) )} forallae |
9(s,a) =9'(¢(s),a)
If ¢ is further a one - one and onto function, then M is said to be
isomorphic to M’.

Finite — state machines are used in compilers where they usually perform
the task of a scanner. The machine in such a case identify variable names,
operators, constants, etc. A machine which performs this scanning task is
called an acceptor.
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4.3. Finite — State Automata

Definition: A finite state automaton (.F S A) or simply an automaton M or
finite state acceptor consists of

(1) a finite set I, called the input alphabet of input symbols
(2) a finite set S of states

(3) a subset A of S of accepting states

(4) an initial state sp in S

(5) a next state function f from S x I — S.

Such an automaton is denoted by M = (I, S, A, sp, f) . Thus, finite automaton
does not have an output alphabet, instead it has a set of acceptance state. The
plural of automaton is automata.

Example : Let

| ={a, b}, S = {so, 51, S2}, A = {52}, So € S, the initial state and f is given by the
table

f
S
So So S1
S1 So S2
So So S2

The transition diagram of a finite — state automation is usually drawn with
accepting states in double circles. Thus transition diagram for the example in
question is

Example: Let
| = {a, b}, input symbols

S ={so, s1, S2}, internal states
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A = {so, S1}, Yes states (accepting states)

Sp, initial state
Next state function f : S x I — S defined by

f(So0, @) = So, (S1, @) = So, f(S2,8) = S2
f(So, b) =Sy, f(Sl, b) =Sy, f(Sz,b) =S
Then M = (1, S, A, sp, T) is a finite state automaton. Its transition table is

f

a b
S

So So S1

S1 So S

So So So

and the transition diagram is
a a
b b
>, b
- ©

a
If a string is input to a finite state automaton, we will end at either an accepting
or a non-accepting state. The status of this final state determines whether the
string is accepted by the finite state automaton.

Definition: Let M = (1, S, A, f, so) be a finite state automaton. Let Xx;...x, be
a string over 1. If there exist states Sp, Siyee.... ,Sn such that

f(Si_l, Xi) =sgifori= 1, 2, PN i |
and

Sj € A,
then we say that the string x;.....x, is accepted by A.

We call the directed path P (so...., sn) the path representing Xi,....,x, in M.
Thus M accepts x; .... xp if and only if path P ends at an accepting state.

Example: Design a finite state automation that accepts precisely those
strings over {a, b} that contain no a’s.

Solution: We want to have two states:

A : an a was found



NA : No a’s were found

The state NA is the initial state and the only accepting state.
b a

a b
—® A
If f is next — state function, then
f(NA, a) = A, f(NA, b) = NA

f(A a)=A, f(A b)=A
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Example: Design a finite — state — automaton that accepts precisely those

strings over {a, b} that contains an odd number of a’s.

Solution: There shall be two states:

E : An even number of a’s was found
O : An odd number of a’s was found

The initial state is E and the accepting state is O.

a
b
©)
a
b

If f is next — state function, then we have
f(E,a)=0
f(E,b)=E
f(O,a)=E
f(O,b)=0

Example : Let M ={l, S, A, sy, f) be a finite state automaton with

1={0,1,2,3,4,5,6,7,8, 9}
S = {so, S1, S2}
A ={so}
acq{0,3,6,9},bec{l, 47} cec{2)5,8}

Next — state function f defined by
f(So, @) =so,  f(so, b) =51, f(So, C) =2
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f(sy, @) =s1, f(sy, b)=sy,  f(S1,C) =90
f(s2, @) =2, f(s2, b) =s0, f(S2, C) =51

Draw transition table and transition diagram for this F.S.A. Does this
automaton accept 258 and 142 ?

Solution: The transition table for F.S.A. is

f

a b ¢
So So S1 S
S1 S1 S22 So
So So So S1

The transition diagram for this F.S.A. is

0,3.6,9

0,3,6,9

Here A = {so} is the initial stage and also is an acceptor. Further, we note that

f(so, 258) = f ( f (S0, 25), 8)
=f(f(f(s0, 2),5), 8)
=1 (f (s2,5), 8)
=f(s,8) =50 A
Thus, the string 258 determines the path
302—> So i)Slg)SoeA
Hence 258 is accepted by the given Finite State Automation.
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On the other hand,
f(So, 142) = (T (S0, 14), 2)
=f(f(f(s0, 1), 4),2)
=f(f(s1, 4),2)
=f(s2 2)
=s1¢ A

Thus, the string 142 determines the path
1 4 2
So>S1—>S2—>S1 ¢ AL

Hence 142 is not accepted by the given Finite State Automaton.

Example: Construct F S A which will accept precisely those strings from | =
{a, b} which end in two b’s.

Solution: As per our requirement b b should be accepted by M but € or b
should not be accepted. Thus we need three states: s (the initial state) , s; and
S, as shown below:

@ b @ b @

The state s, should be the accepting state. Further f(so, a) should not be equal to
s;, because then a b may be the last letters. f(s,, a) should not be equal to s,
otherwise ba would be last letters. However, f(s,, b) may be equal to s, because
in that case we have last two letters as b’s. Thus the automaton is as shown

Q
S

M

Example: Let | = {a,b}. Construct an automaton M such that L(M) consists of
those strings where the number of b’s is divisible by 3.

Solution: We take sp as the initial state. If we define the next state function
f by

f(so, b) =51
f(s1, b) = s
f(Sz, b) =Sp

and take sy as the accepting state, then M shall be
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b

Example: Let | = {a, b}. Construct an automaton M such that L(M)
consists of those words which begin with a and end with b.

Solution: Let sy be the initial state. If we define f as
f(so, @) = s1, f(s1,b) = s, (accepting state)

Then, we have three states as

a b
® ® ®
Now we cannot take f(so, b) = sp or f(so, b) = si1, because then b will be
starting letter. So, we have to take f(sp, b) = s3. We cannot take f(s3,a) = o,

S1, Sz because in that case the string would end in a. We cannot have f(s;, a)
= sy, because then a will be last letter. Thus The automaton M will be

N

In this automaton, any string shall begin with a and end in b.

4.4. Non — Deterministic Finite State Automaton

Definition: A non — deterministic finite — state automaton is a 5 — tuple M = (I,
S, A, sy, f) consisting of

(1) A finite set I of input symbols

(2) A finite set S of states

(3) A subset A of S of accepting states

(4) An initial state function so € S

(5) A next state function f from S x | into P(S)
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Thus, in a non — deterministic finite state automaton, the next state function
leads us to a set of states, whereas in a finite state automaton, the next state
function takes us to a uniquely defined state.

Example: Find the transition diagram for ND F S A

M = (Ia Sa Aa 801 f)!
where
I ={0, 1}, S = {so, S1, S2, Sa}, A = {S, S3}

and the next state function f is given by

f
\I\ 0 1
S
So {s0, 81} {ss}
S1 {so} {s1,83}
S2 d {s0,52}
S3 {s1, 82,83}  {s1}

Solution: Here the initial state is o and the accepting states are s, and ss.
The transitional diagram of thisND FS A is

Ko 0

Definition: Let M = (I, S, A, s, ) be a non — deterministic finite state
automaton. The null string is accepted by M if and only if s € A. If w = a;
as.....an is @ non — null string over | and there exists states So, Si, «««ees Sn
such that

(1) so is the initial state

(2) si = f(Si-1, @)

(B)she A,
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then we say that w is accepted by M.

We denote by AC(M), the set of strings accepted by M and say that M accept
AC(M).
Definition: Two non — deterministic finite state automata M and M’ are said to
be equivalent if

AC(M)=AC(M").
Example: Let

M=(I,S, A, s )
beaN D F S A with

I = {0, 1}, S = {s0, 51, S2, S3, Sa}, A = {Sy, S4},

so as the initial state and the next state function defined by the transition
table given below:

f

\l\ 0 1

S

So {So, 33} {50,31}

S1 0 {s2}

S2 {s2} {s2}

S3 {sa} ¢

Sq {sa} {s4}

Determine whether M accept the words (i) w =010 and (ii)
w = 01001.

0 1
Solution: (i) The word w = 010 determines the path s,0—> {so, Ss—=>  f(So,

1) u f(ss, 1) = {0, S1}
U= {So, Sl}é f(So, 0) v f(Sl, 0) = {SO, SS} Vo= {301 S3}

But A m {so, s3} = {S2, Sa} m {So0, S3} = ¢ . Hence the word w = 010 is not
acceptable to the given non — deterministic finite state automaton.

(i) We have seen above that

0 1 0
So—> {S0, Ss}———> {So, Si}——> {So, S}
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Therefore the word w = 01001 determines the path
So OH {s0, S3} 1% {so, s1} OH {so, s3}—0 = f(so, 0) L f(s3, 0)
= {0, 83} w {sn}
= {50, 53, Sl———> (S0, 1) U f(s3, 13 L f(sa, 1}
= {80, s1} v @ W {sa}
= {So, S1, S4}
so that
A {So, S1, Sa} = {S2, Sa} M {So0, S1, Sa} = {S4} = ©.

Hence the string 01001 is acceptable to the given ND F S A.
4.5 The Equivalenceof DFSA and NDFSA

We have seen that in the definition of finite state automaton, the next state
function is from S x I into S, whereas in the definition of N D F S A, the next
state function is from S x | into P(S). Thus, every DFSAisan ND F S A,
that is, the class of languages accepted by N D F S A includes the languages
accepted by D F S A. However, these are the only languages accepted by N D
F S A. In other words, for every N D F S A, we can construct an equivalent
D F S A. In this direction, we have the following :

Theorem: Let L be a set accepted by a non — deterministic finite automaton.
Then there exists a deterministic finite automaton that accepts L.

Proof: Let M= (I, S, A, so, ) bean N D F S A accepting L. DefineaD F S A,
M =(I,S", A, s, )
as follows:

The states of M are all the subsets of the set of all states of M , that is, S* = 2°.
Also sy’ = {so} and A’ is the set of all states in S’ containing a final state of M,
thatis, A’={se S :sn A=}

Further, fors e S’and a < I, let

f'(s,a) = Y f(c, a)

To prove that M’ accept the same language as M, it is sufficient to show that
for any string x € I* (the set of strings formed by 1),



f*(s0", X) = £ (S0, X) 1)
We shall prove (1) by using induction on the length of the input string x.
If X = A, then
f'* (S0, X) = F*(s¢, A)
= o’ (by definition of f '*)
= {so} by the definition of sy’
= f*(So, A) (by the definition of *)
= *(So, X)

Thus (1) holds for | x | = 0 (i.e. for x = A).
The induction hypothesis is that x is a string satisfying

f*(so’, X) = *(S0, X)
and we want to show that
f*(so’, x @) = f*(So, X @) for a <l.

To show it, we have
fr*(so’, xa) =f' (f"* (s0’, X), @) (by the definition of f '*)

= f'(f*(so, X), @) (by induction hypothesis)
= U )f(cs, a) (by the definition of f ")

oef*(sg,x

= f*(So, X @) (by the definition of f*)
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We know that a string X is accepted by M’ if f "*(s¢’, X) € A’ that is, if T* (So, X)

€ A’ and using the definition of A, it follows that this is true if and only if

*(so, X) " A = 0,

that is, if f*(sg, X) € A, that is, if x is accepted by M. Thus x is accepted by
if and only if x is accepted by M. This completes the proof of the theorem.

M!

Example: Construct deterministic finite state automaton equivalent to the

following non — deterministic finite state automaton :

M = ({0, 1}, {so, 51}, So, {51}, ) ,

where f is given by the table

| f |
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| 0 1

S

So {so,s1} {si}

S1 [0) {so, s1}

Solution: Let

M’ = {{0, 1}, {o, {so}, {s1}. {So. 81}, S0’ = {so}, A", I’}
be the D F S A, where
A’ ={s {0, (So, {1}, {S0, S1} : s {s1} =

and = {s1} and {so, s1} (Accepting states)
f'(s,a) = Y f(o, a) for se {o, {so}, {s1}, {S0, S1}}
We have

{so} as the initial state

The finite set of states is {p, {So}, {s1}, {So0, S1}}
The finite set of inputs is {0, 1}
The accepting states are [s;] and [So, S1].
Now

f'(,0)=¢andf'(p, 1) =0
f'([sol, 0) = (S0, 0) = [So, 51]
f'([sol, 1) = (S0, 1) = [s4]
f'([s1], 0) = f(s1,0) = ¢
f'([s1], 1) = f(s1, 1) =[S0, 81]
f'([S0, 1], 0) = (S0, 0) © {51, O}
= {80, 81} w {s1}
=[S0, s1]
f'({So, S1}, 1) = (S0, 1) w f(s1, 1)
= {s1} w {0, S1}
= [s0, s1]

Hence the next state function and the transition diagram for D F S A are as
given below :

| L |
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0 1
S
® ® ®
[so] [so, s1] [s1]
[s1] ¢ [So, s1]
[So, S1] [So, s1] [So, s1]
0

It may be mentioned here that a state which is never entered may be deleted
from the transition diagram. In view of this, the above transition diagram
becomes

Thus, we note that if N D F S A has n states, then D F S A will have 2"
states.

Example: Draw transition diagram of the ND F S A



M’ = ({a, b}, {so, 51, S2}, {So} S0, ),

where f is given by

;
\ a b
. |
So ) {s1,52}
S1 {s2} {so,s1}
S2 {so} ¢

Also find equivalent D F S A.

Solution: Here
Initial stage is so
Set of Accepting state is {so}
Finite set of states is {So, S1, S2}
Finite set of inputs is {a, b}
Hence the transition diagram is

Let

M= ({0, 1}, {¢. {so}, {s1}, {s2} {s0, 51},
{0, 2}, {1, 2} {S0, S1, S2}} So’s A', )
be the equivalent D F S A, where

So’ = [sa]
and set of accepting states is

A" ={s € {d, {So}..., {S0, S1, S2} : S {So} = 0}
= {so}, {s0, 51}, {S0, 52}, {0, 51, 52}
Further
f'lo,a=0,.f'(p.b)=0
f'([so] @) =f(so, @) =¢ , f'([s0] ,b) =f(So, b) =51 52]
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f'([s1] @) =1(s1,8) =[s2] , f'([s1], b) =T(s1, D) =[S0 51]
f'([s2] @) =1(s2,8) =[s0] , f'([s2] , b) =f(s2, D) =
f'([Sos1] ,a) =f(So, @) W f(s1,a)=[s2] , f'([Sos1],b) =[S0 S1S2]
f'([s0s2] , @) =f(s0, @) U f(s2, @) = [s0] ,
f'([s0s2] , b) = f(so0, b) W f(s2, b) = [s1 5]
f'([s1s2] , @) = f(s1, @) wf(s2,a) =[sos2]
f'([s152] , b) = f(s1, b) w f(s2, b) =[S0 84]
f'([SoS152] , @) =f(S0, @) w(s1,a) wf(s2,a) =[SoSz],
f'([s0 s152] , b) =f(s0, b) W f(s1, b) U f(s2, b)

= [sos1 52]
Thus, the transition table of DF S A is

F

a b
S g
® ¢ ®
[So] o) [s1s2]
[s1] [s2] [So s1]
[s2] [So] ¢
[So 51] [s2] [S0 51 52]
[So s2] [So] [s152]
[s152] [So,s2]  [S0, 81l
[So S1 Sz] [So 82] [So S1 52]

The transition diagram of deterministic finite state automaton is therefore as
shown in the diagram below:
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a b

Since the state [s1] is never entered, it may be removed .
4.6 Moore Machine and Mealy Machine

We have seen that in case of finite automaton, the output is limited to a binary
signal “accept” or “don’t accept”. However, some models in which the output
is chosen from some other alphabet have also been considered. There are two
different approaches.

(1) If the output function depends only on the present state and is independent
of the current input, the model is called a Moore Machine.

(2) If the output function is a function of transition, i.e. a function of present
state and the present input, the model is called a Mealy Machine.

MOORE MACHINE
A Moore machine is a six — tuple

(|1 51 01 SO! f1 g)a
where

(1) I'is a finite set of input symbols

(2) Sis a finite set of internal states

(3) O is a finite set of output symbols

(4) s is the initial state

(5) fis the transition (next — state) function from S x I into S

(6) g is the output function mapping S into O.

The output in response to input a; ay.......... an, N > 0 1s g(so) g(s1)...... g(sn),
where Sg, Si,........ sn IS the sequence of states such that

f(si, @) =si ,1<i<n.

Moore Machine gives output g(Sp) in response to input € (empty string).
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Obviously, D F S A is a special case of a Moore Machine, where the output
alphabet is {0, 1} and the state s is “accepting” if and only if g(s) = 1.
Example: Let
M=(I,S,0O,sof, Q)
be a Moore Machine, where
I ={0, 1}, S = {so, S1, S2, S3}
0 ={0, 1}, sp is initial state ,
f is transition function such that
f(So, 0) =s3, T(So, 1) =51
f(s1,0) =s1, f(s1,1) =5
f(s2, 0) =Sz, f(S2, 1) =53
f(s3,0) =ss, f(s3, 1) =50 ,
and g is the output function such that
9(s0) =0,  g(s)=1,  9(s2)=0,  9(s3) =0

Determine the transition table for M and the output string for the input string
0111.

Solution: The transition table for this Moore machine is

f G
10 1
S

So S3 S1 0
S1 S1 S 1
S2 S2 S3 0
S3 0

S3

So

The input string is 0111. We note that
For empty string <, the output is g(so) =0

(S0, 0) =szand g(s3) =0
f(ss, 1) = sp and g(so) =0
f(So, 1) =si1and g(s1) = 1
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f(s1, 1) =s,and g(sz) =0
Thus the output string is
0o0010.

MEALY MACHINE

A Mealy Machine M is a six — tuple
(I,S, 0O, s, 1, 0),
where
(1) I'is a finite set of input symbols
(2) S is a finite set of internal states
(3) O is a finite set of output symbols
(4) s is the initial state
(5) fis the transition (next — state) function from S x I into S

(6) g is the output function mapping S x | into O.

The output given by M in response to input a; ay....a, IS g(So, a1) 9(S1, a2) 9(s2,
as)...... g(sn-1, &), Where S, S1,.....sy IS the sequence of states such that g(si.1, a;)
=g,1<i<n.

Note that the output sequence in case of Mealy Machine has length n,
whereas the length of output sequence in case of Moore Machine is n + 1.
Further, Mealy Machine gives output < for the input string <.

4.7 Equivalence of Moore and Mealy Machines

We know that the output string length in case of Mealy machine is one less
than the output string length in case of Moore machine.

Neglecting the response of a Moore machine to input <, we say that Moore
Machine M and Mealy machine M’ are equivalent if for all input string v

k AM' (V) = AM (V),

where Ay (V) and Ay (V) are output produced by M’ and M on input v and K is
output of M for its initial state.

Theorem: Let My = (I, S, O, s, f, g) be a Moore machine. Then there is a
Mealy machine M, = (1,'S, O, s, f, g") which is equivalent to M.

Proof: Defineg’': Sx1— O by

g'(s,a)=g(f(s,a) ,forallsc Sanda < I.
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Then M; and M, enter the same sequence of states on the same input and with

each transition M, emits the output that M; associates with the state entered.

Example: Let the transition table of a Moore machine My = ({0, 1}, {So, S1, S,
ssh {0, 1}, so, T, g) be as given below:

f g
0 1

— Sp S3 S1 0
S1 S1 S2 1
S2 S2 S3 0
S3 0

S3

So

Construct a Mealy machine M, equivalent to M.

Solution: Let

Thus

M = ({0, 1}, {So, S1, S2, 3}, {0, 1}, f, 9', so)
be the equivalent Mealy machine, where

g'(s,a) =g(f(s,a) ,s € S,a e l.

Thus the transition table for Mealy machine is

9'(so, 0) = g(f(s0, 0) = g(s3) = 0
g'(s0, 1) = 9(f(s0, 1) = g(s1) = 1
g'(s1, 0) = 9(f(s1, 0) = g(s1) = 1
0'(s1, 1) = g(f(s1, 1) = g(s) = 0
0'(s2, 0) = g(f(s2, 0) = g(s2) = 0
§/(s2 1) = (f(s2, 1) = g(s2) = 0
9'(s3, 0) = g(f(ss, 0) = g(s3) =0
9'(s3, 1) = g(f(ss, 1) = g(s0) =0
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f o]
\'\ 0 110 1
— So S3 s | 0 1
S; S1 s |1 0
S S2 s3 |0 0
S3 0 0
S3
So

Theorem: Let My = (I, S, O, so, f, g) be a Mealy machine. Then there is a
Moore machine M, = (I, S, O, s¢’, 7, ") which is equivalent to M.

Proof: Let by be arbitrary member of finite set O of output symbols. Set
M, = (|, Sx0O,0, [So, bo], f', g')

Thus the states of M, consists of pairs [q, b], whereq € S, b € O.
Define f' by

f([q, b], a) = [f(a, a), 9(q. a)]

g'([g, b]) = b.

The component b in a state [q, b] is the output made by M; on some transition
into state g. Only the first component of M;’s states determine the moves made
by the machine M,. Induction on n shows that M; enters states qo, q, .....,qn ON
input a; ay....... an and emits outputs by, by....,b,, then M, enters states [qo, bo],
[q1, ba],...... ,[qn, bn] @and emits outputs b, by, bs.....,bn.

and g’ by

Example: Let M; be a Mealy machine whose transition table is

f g
| |0 110 1
S
So S3 s 10 1
S1 S1 s; | 1 0
S2 S2 s3 |0 0
S3 0 0
S3




So

Find equivalent Moore Machine Ms.

Solution: The states M, are

[So, 0], [s1, O], [s1, O], [s1, 11, [s2, O], [s2, 1], [s3, O, [ss, 1].
We select by = 0 making [so, 0] as start state for M,.

The transitions and outputs of M are as follows:
f'([so, 01, 0) = [f(s0, 0), g(s0, 0)] = [s3, O1; g'([so,
f'([s0, 01, 1) = [f(s0, 1), g(s0, 1)] = [51, 1]; 9'([s0,
f'([so, 1], 0) = [f(So, 0), (S0, 0)] = [s3, OF; ' ([s0,
f'([So, 11, 1) = [f(s0, 1), 9(s0, 1)] = [51, 1]; 9'([s0,

f'([s, 0], 0) = [f(s1, 0), g(s1, 0)] = [s1, OF; g’ ([s1,
f'([s1, 0], 1) = [f(s1, 1), g(s1, 1)] = [s2, OF; ' ([s1,
f'([s1, 1], 0) = [f(s1, 0), g(s1, 0)] = [s1, OF; g'([s1,
f'([s1, 11, 1) = [f(s1, 1), 9(s1, 1)] = [s2, OF; ' ([s1,
f'([s2, 0], 0) = [f(s2, 0), 9(s2, 0)] = [s2, OF; 9'([s2,
f'([s2, 0], 1) = [f(s2, 1), 9(s2, 1)] = [ss, OF; 9'([s2,
f'([s2, 1], 0) = [f(s2, 0), 9(s2, 0)] = [s2, OF; 9'([s2,
f'([s2, 1], 1) = [f(s2, 1), 9(s2, 1)] = [s5, OF; g’ ([s2,
f'([ss, 0], 0) = [f(ss, 0), 9(ss, 0)] = [ss, O1; 9'([Ss,
f'([ss, 0], 1) = [f(ss, 1), 9(ss, 1)] = [s0, OF; 9'([Ss,
f'([ss, 1], 0) = [f(ss, 0), 9(ss, 0)] = [ss, OF; 9'([ss,
f'([ss, 1], 1) = [f(ss, 1), 9(ss, 1)] = [s0, OF; 9'([Ss,

0])=0
0])=0
1 =1
1 =1

0])=0
0]) =0
1)=1
1) =1
0]) =0
0]) =0
1) =1
1) =1
0]) =0
0])=0
1) =1
1) =1
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Thus the transition table and transition diagram of Moore machine M, which is

equivalent to given Mealy machine M; are :

f! g’
0 1
— [s0, 0] [ O
* 5o, 1] s3, O] 1 *
[s1, 0] [s1, 1] 0
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[s1,1] | [Ss O] [si, 1]
[s2,0] | [ss, 0] [s. 0]
*[s2,1] | [s, 0] [sx 0]
[s3, 0] | [s2 0] [ss 0]
*[s3, 1] | [S2 0] [Ss 0]
[33! O] [SO! O]
[S5, 0] [So, 0]

RPOROR
*

*

and

The states [So, 1] , [S2, 1], [S3, 1] can never be entered and so have been
removed from the diagram.

Leaving aside the outputs corresponding to the removed states which have
been marked by * in the transition table, the outputs are 0,0, 1, 0, 0.
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Unit-5
Languages and Grammars

Formal languages are used to model nature languages and to communicate with
computers. Before giving definition to formal language, we define some
elementary notions.

5.1 Basic Concepts

Definition: Let A be a non — empty set of symbols. Then a finite sequence of
the elements of A is called a word or string w on the set A. For example,

w=abbaaab
is astring on A = {a, b}.

The set A is called alphabet and its elements are called letters. The empty
sequence of letters is also considered as a string and is denoted by <, A or 1.
This is called empty word.

The set of all words on the set A is denoted by A*.

The length of the string (word) w is the number of elements in the string and
is denoted by I(w) or |w|. The length of < is 0.

For example, thus the length of the word w cited above is 7.

Definition: Let u and v be two strings on alphabet A. The concatenation of u
and v is the word obtained by writing down the letters of u followed by the
letters of v. It is denoted by uv.

For example, ifu=abcabandv=ccabba, then concatenation of u and v
is

uv=abcabccabba=a'b*c’
We observe that

I(uv)=I(u) + I(v).
Also, we note that for any words u, v, w, we have

(uv)w=u(vw)
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Thus, the concatenation operation on an alphabet A is associative, but not
commutative because uv =V u.

Definition: Let u = X3 Xp......... xn be a word on an alphabet A. Then any
SEQUENCE V = X Xi+1.-ve..... x;j is called a subword of u.

The subword which begins with the first letter of u is called an initial segment
of u.

For example, X1, Xo, X3 is an initial segment of u.

Let F denote the set of all non — empty words from an alphabet A with the
operation of concatenation. We know that F is a semi — group, called Free
semigroup over A or the free semigroup generated by A.

Further, since < is an identity element for the operation of concatenation, A*
becomes a monoid and is called Free monoid over A.

5.2. Language, Regular Expressions and Language Defined
Regular Expressions

Definition: Let A be a finite set of symbols. A (formal) language L over A is a
subset of A*, the set of all string over A.

For example, let A = {a, b}. Then the set L of all strings over A containing an
odd number of a’s is a language over A.

Similarly, {a, ab, ab?, ....... } is a language over A. This consists of all words
beginning with a and followed by zero or more b’s.

Let L; and L, be languages over an alphabet A. Then the concatenation of L,
and L, denoted by LiL,, is the language defined by

Lilo,={uv:uely,vely}

Thus L; L, is the set of all words formed by the concatenation of a word from
L, with a word from L,. For example, let

L;={a b’} L,={a’ ab?® b}
Then

L, L, = {a* a®b? ab, b®a® b*ab? b*}
is a language.

Since concatenation of words is associative, it follows that concatenation of
languages is associative.
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Definition: The Power of a language L are defined as
L°={e} L'=L, L%=LL,....... L™= LML, m> 1.

Definition: The unary operation L* of a language L, called the Kleene closure
of L is defined as the infinite union

Definition: The regular expressions over an alphabet A and the sets they
denote are defined recursively as follows:

(1) The empty string < is a regular expression and denotes the set {<}.
(2) ¢ or () is a regular expression and denote the empty set.
(3) Each letter ain A is a regular expression and denotes the set {a}.

(4) If r is a regular expression denoting the language R, then (r*) is a regular
expression on and denotes the set R*.

(5) If rand s are regular expression denoting the language R and S, then (r v s)
or (r +s) is a regular expression and denotes the set R U S.

(6) If r and s are regular expressions denoting the languages (sets) R and S,
then (r s) is a regular expression and denotes the setR S.

Thus, a regular expression r is a special kind of a string (word) which uses the
letters of A and the five symbols

( ) *, ., v, ef(orn)
For example,
(1) the regular expression (0 + 1)* denotes all the strings of 0’s and 1°s.

(i1) the regular expressions (1 + 10)* denotes all the strings of 0’s and 1’s and
beginning with 1 and not having two consecutive 0’s.

(ii1) The regular expression (0 + 1)* 00 (0 + 1)* denotes all the strings of 0’s
and 1’s with at least two consecutive 0’s.

(iv) (0 +1)* 0 1 1 denotes all strings of 0’s and 1’s ending in 0 1 1
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(v) 0* 1* 2* denotes all the strings with any number of 0’s followed by any
number of 1’s followed by any number of 2’s.

Definition: The language L(r) over A defined by a regular expression r over
A is as follows:

(1) L(e) ={<}

(2) L(()) = @, the empty set

(3) L(a) = {a}, where ais a letter in A.

(4) L(r*) = (L(r))*, the Kleene closure of L(r).

(5) L(r1 + r2) = L(r1) w L(r2), the union of languages

(6) L(ry r2) = L(r1) L(r2), the concatenation of the languages.

Definition: Let L be a language over A. Then L is said to be a regular
language over A if there exists a regular expression r over A such that L =

L(r).
Example: Let A = {a, b}. If

(i) r = a*, then L(r) consists of all powers of a

(it) r = a a*, then L(r) consists of all positive powers of a, that is all words in a
excluding the empty word.

(iii) r =a + b*, then L(r) consists of a or any word in b, that is

L(={a e b,b%...}

(iv) r = (a + b)*, then L(r) consists of all strings of a and b, i.e. all words
(strings) over A.

(v) r = (a + b)* aa, then L(r) denoted all strings of a and b ending in a a, i.e.
L(s) consists of the concatenation of any word in A with a a (or a2).

Example: Let L = {a™ b" : m, n > 0} be a language over A = {a, b}. Find a
regular expression r such that

L=1L(rn

Solution: The given language L consists of strings beginning with one or more
a’s followed by one or more b’s. Hence

R=aa*bb*
5.3 Language Determined by a Finite — State Automaton

Let M be a finite state automaton with input set A. Then M defines a language
over A, denoted by L(M), as follows:
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Letu=a; as.......... an be a string on A. Then u determines a sequence of states
SO—>S51—>52—> ceennnnn. —>Sn
where sg is the initial state and
f(si-1, @) =si fori > 1.
In other words, u determines the path
a1 a an

2
So0—>S1—2S2, it , —> Sn

A finite state machine M is said to accept (recognize) the word u if the final
state s, belong to an accepting state in A (subset of internal states S).

The language L(M) of the finite state automaton M is the collection of all
words from the input set A which are accepted by M.

Example: Determine the language L(M) of the finite state automaton whose
transition diagram is given below

Solution: Let M = (I, S, A, so, f) be the finite — state automaton. Then, we note
that sp is the initial state, S = {so, s1, S2} and
f(so, @) = a, f(s, b) =s1

f(s1, @) = s, f(S1, b) = 52
f(s2, @) = o, f(S2, b) = 2.
Also A = {so, s1}and | = {a, b}.
We note that

(i) We can never leave s;
(i) The state s; is the only rejecting (non — accepting) state
(ii1) a string in which there appear two successive b’s is not accepted by M.

Thus L(M) consists of all strings (words) from | = {a, b} which do not have
two successive b’s.

Example: Find the language accepted by the automaton M shown in the
transition diagram below:

b a
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a b

Solution: Let M =(I, S, A, s, f) be the F S A. Then, we have
I = {a, b}, S = {so, S1, S2, S3, S4}, So IS the initial state,

A ={ss}
and f is given by
(S0, @) = S1, (S0, b) = So, T(S1, @) = Sz, T(S2, @) = Sy, f(S2, D)

= b,
f(S3, b) = s4, f(S3, @) = S1, (S4, b) =S4, T(S4, @) = S4.
We note that

a a b b .
So—>S1—>S2—>S3—> s (accepting state)

b a a b b :
So — So — S1 —> S2 — S3 —> S4 (accepting state)

b a a b b a b )
So—>So—>S1—>S2—>S3—>S1—>S4—S4  (accepting state)

Hence, L(M) consists of all words which contain a a b b as a subword.
5.4. Grammars

Definition: A phrase — structure Grammar or simply a Grammar G
consists of

(1) A finite set N of non — terminal symbols (or variables)

(2) A finite set T of terminal symbols, where N~ T = ¢

(3) A finite subset P of [(N u T)* — T*] x (N u T)*, called the set of
productions. Thus a production is an ordered pair (A, B), written as A — B,
where A < [(N v T)* — T*] must include at least one non — terminal symbol
whereas B € (N w T)* can consist of any combination of non — terminals and
terminal symbols.

(4) A starting symbol ¢ € N.
A grammar G is denoted by G(N, T, P, c).

Terminals will be denoted by lower case letters a, b, c,... whereas non —
terminals will be denoted by A, B, C.......

Example: Let
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N ={c, A}
T={a, b}
P={c »>bo,c >bA A—>aA A—-b},
where ¢ is the starting symbol.
ThenG = (N, T, P, ) is a grammar.
Since c—>bo,c>bA
and
A—>aA A-b,
we can also write the productions as
c—>bo,bA),A>(@AD).
Definition: Let G = (N, T, P, ) be a grammar and let o« — 3 be a production.
Ifx ooy € (N U T)*, then x 8 y is said to be directly derivable from x o y and

we write

Xoy=>XBy.

Further, if i e N U T)* fori=1, 2, ...... , n, and a4 IS directly derivable
fromo; fori=1,2,...... , n-1, we say that o, is derivable from oy and write
o1 = 0Op .
We call
0l =0 =03 =ennnnn.. = dy ,

the derivation of o, (from oy).
By convention, any element of (N w T)* is derivable from itself.

Definition: The language generated by a grammar G, written L(G), consists of
all strings over T derivable from the start symbol c. Thus

LG ={veT* .0 =.uccc... >V}

Definition: A sentential form is any derivative of the unique non — terminal
symbol S.

The language L(G) generated by the grammar G is the set of all sentential
forms whose symbols are terminals.
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Example: Let
G={N,T,oc, P}
be a grammar, where
N ={c}, T ={a, b}, o is starting symbol, and the production P are
P={c »>a,c >0ca,c—>bandc — boc}.
Obtain sentential form and find the language generated by G.
Solution: We note that

c=>0ca
—ocaa
—boaa
—bbocaa
—bbbaa
Thus b® a®> = b b b a a is a sentential form. Hence the language generated by G
IS
L(G)={b"a™:n>0, m>0}.

Definition: Let G = (N, T, P, ) be a grammar and let A be the null string. If
every production is of the form

aAB—>adfp,

where o, B e NUT)*, Ae N,d e (NuT)*-{\A}. Then G is called a
context — sensitive (or type — 1) grammar.

Definition: A grammar G = (N, T, P, o) is said to be context — free
(or type — 2) grammar if the productions are of the form.

A — 9,
where A ¢ N, 8 € (NUT)*.
Thus, in this case, we can replace A by & regardless of A where A appears.

Definition: A grammar G = (N, T, P, o) is said to be regular (or type — 3)
grammar if every production is of the form
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A—>aorA—aBorA—> A,
where A,B e N,aeT.

Thus, in this case, we replace a non — terminal symbol by a terminal symbol,
by a terminal symbol followed by a non — terminal symbol, or by the null
string.

We further note that a regular grammar is context free grammar and that a
context free grammar with no productions of the form A — A is a context —
sensitive grammar.

Example: Name the type of the grammar G defined by T = {a, b, ¢}, N =
{c, A, B, C, D, E}, starting symbol c and productions

c >aAB,oc—aB A—-aAc,A—>ac,B—->Dc,D—b,
CD—>CECE—->DEDE—>DC,Cc—>Dcec.

Also find its language.

Solution: The production C E — D E says that we can replace C by D if C is
followed by E. The production C ¢ — D c ¢ says that we can replace C by D C
if C is followed by c.

Thus the grammar is context — sensitive.
We can derive D C from C D since
CD=>CE=DE=DC.
We note that
c=>aAB=>aaAcB=aaaccB=aaaCCDc
—aaaCDCc=aaaDCCc=aaaDCDcc
—aaaDDCcc—=aaaDDDccc=aaabbbccc
Thus a® b® ¢ is in L(G). Proceeding in this way, we can show that
L(G)={a"b"c":n e N}

Example: Determine, whether the given grammar is context — sensitive,
context free, regular or none of these:

G=(N,T,oc,P),

Where N = {o, A}, T = {a, b}, starting symbol is ¢ and the productions are
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c—o>bos,c>0A A—oac, A—-bA A—a,c—b.
Solution: We note that

()A—>8AcN,5c(NUT*

Hence the grammar is context — free grammar.

(i)A—>aorA—aB,AcN,BeN,acT.

Hence the grammar is regular.

(iii) The grammar is also context sensitive because
aAB—>adf,
whereo, e (NUT)*, AN, (NuT)*-{A}.

Example : Find a context-free grammar G which generates the language

L={a"b": n>0}.
Solution : Here
T={a b}.
If we consider the productions
c—>ab, o > ach,
then we note that
c=>ach= aabb
c—=>ach aachb= aaabhbb
c=>ach=aacbb—=aaacbbb—=aaaabbbb
In general
L(G)= {a"b", n>0}.
Hence the grammar with production
c—>ab, c—>ach

generates L(G).

5.5 Derivation Trees of Context — Free Grammars

Let G be a context free grammar. An ordered rooted tree which represents any
derivation of a word in L(G) is called a Derivation Tree or parse tree.
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Example: Consider the language
L={a"b":n>0}

We have seen that context free grammar which generates L(G) is
N={c}, T={a,b},P={c >ach,oc—>ab}

Thewordw =aaabbhbisderived as
c=>ach=aacbb=aaabbb

The following figure will therefore be its derivation tree:

(0)

a b
c

a b
(&)

a b

Example: Find the derivation tree for the word a a b a in L(G) where G has the
productions

c—>aA A—>aB,B—->bB,B—a.
Solution: The word a a b a is derived as
c=>aA=al@aB)=aa((B)=aaba

and therefore the derivation tree of aa b a is

Definition: A language is said to be context — sensitive if there is a context —
sensitive grammar G with L = L(G).

Definition: A language is said to be context free if there is a context — free
grammar G with L = L(G).

Definition: A language is said to be regular if there is a regular grammar G
with L = L(G).

Example: Is the language
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L={a"b",n=1,2,....}
over {a, b} context free?
Solution: Let G be grammar defined by

N = {c}, T = {a, b}, o is staring symbol and production
as

c—>ach,c—ab

Then derivation of ¢ are
c—>ach
—aachbb

—a"t o ™!
—atabb™=a"p"

Thus the grammar G generates the language L(G). Also the grammar G is
context free. Hence the language L = [a" b", n = 1, 2, .....] is context free
language.

5.6 Similarity of Regular Grammar and Finite State Automata

We now show that regular grammar and finite state automata are
essentially the same. After that we would be able to say that

“A language is a regular set (or just regular) if it is accepted by some
finite automaton.”

Theorem: Let M be a finite — state automaton given as a transition diagram.
Let o be the initial state. Let T be the set of input symbols and let N be the set
of states. Let P be the set of productions

S—>Xx¢
if there is an edge labeled x from the state s to the state s’, and
S—>A
if s is an accepting state. Let
G=(N,T,P,o0)

be the regular grammar. Then the set of strings accepted by M is equal to
L(G).
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Proof: Let AC(M) denote the set of strings by M. We first show that AC(M) —
L(G). So, let o € AC(M). If o is the null string, then ¢ is an accepting
state. In this case G contains the production.

G—>A
The derivation

c=>A 0)
shows that o, € L(G).

Now let oo € AC(M) and let o is not a null string. Then

(o, 51,82 v-nnnn ,Sn)

where s, IS an accepting state with edges successively labeled ag,...... , an. It
follows that G contains the productions

Sn.]_ —> an Sn

Since s, is an accepting state, G also contains the production
Sn — A.
The derivation

o —=>a; S
—aiady Sy
—>dj dp a3 S3

= a1 a...... an (osh—>A) (i)
shows that oo = a; a........ an € L(G).

It remains to show that L(G) < Ac(M). Suppose that oo € L(G). If o is the null
string, then oo must result from the derivation
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oc=A

Thus the production ¢ — A is in the grammar. Hence o is an accepting state in
M and so oo € Ac(M).

Now let o, € L(G) be a non — null string. Then

A=ad1d2.......... an, ajT.

So there is a derivation of the form (ii). If in the transition diagram, we begin at
o and trace the path

(o, S1, 52, ... .. ,Sn)

we can generate the string o.. The last production used in (ii) is s, — A. Thus
the last state reached is an accepting state. Therefore, o is accepted by M, that
is, L(G) < A c(M). Hence

L(G) = A c(M) .

Thus, Given a finite state automaton M, we can construct a regular
grammar G such that the set of strings accepted by M is equal to L(G).

Example: Let G(T, N, P, c) be a regular grammar, where
T ={a, b}, N = {c, A}, o is starting symbol and
P={c>boc,c—>aA,A—-bA,A—- b}
Does there exist finite state automaton corresponding to G?

Solution: Let the inputs symbol be the terminal symbols and the states be the
non — terminal symbols, where ¢ is the initial state.

For each production of the form
S—>X¢,
draw an edge from state s to state s’ and label it x. Thus the productions

c—>bo,c>aA,A—>bA
yield the graph

b b
a b
\o ) A

The last production A — b is equivalent to two productions




A—>DbB and B — A ,

where B is an additional and Mor — terminal symbol.

The productions

c—>bo,c—>aA, A>bA, A—>DbB

gives us the graph

and the production
Bo>A
indicates that B is an accepting state.

We note that

(i) Vertex A has no outgoing edge labeled as a

(if) Vertex B has no outgoing edge

(iii) A has two outgoing edges labeled as b .
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Thus, the above graph is not finite — state automation but a non -
deterministic finite state automation (I, S, A, o, f), where | = {a, b}, S ={o,

A, B}, A ={B}, initial state ¢ and next state function f is defined by

F
|
S a b
c {A} {c}
A 0 {A, B}
0 )
We further notice that

(i) the stringb b abbisin L(G) since

b=bo
=bboc

=bbaA
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=bbabA
—bbabbB
—bbabb

Also the string b b a b b is accepted by the non-deterministic finite state
automation obtained above since the path

b b a b
c—>0—>0>A—>A->B
which ends at state B(Accepting state) represents the stringb bab b

Theorem: Let G(T, N, P, ) be a regular grammar and let | = T , S =
N w {F}, where F ¢ N U T, ¢ as initial state, A={F} u{s:s—>AecP}andf
be defined by

F(s,X)={s":s—>xs" e Py u{F:s—>xF e P}

Then the non — deterministic finite state automaton M = (I, S, A, o, f) accept
the strings L(G).

(The proof is same as the proof for finite state automation).
5.7 Kleene Theorem and Pumping Lemma

We know that a non — deterministic finite state automaton can be converted
into an equivalent finite state automaton.

Thus it follows that

Theorem (Kleene) : A language L is regular if and only if there exists a finite
— state automaton that accept strings in L.

Theorem (Pumping Lemma) : Let M be an automaton over A such that

(i) M has k states sp, Si........ , Sk

(if) M accepts a word v from A where | v | > k.
Then

W=XYyz,
where, for every m, vy, = X y"'z is accepted by M.

Proof: Let Sq, Si,........ ,sk be the states of automaton M over A and let M
accepts aword v = a; a,....a, over A such that n > k. Let the sequence of states
determined by the word v be
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Since n > k, two of the states in P must be equal. Suppose s; = s;, i <]. Letting

X=a a2.....3j, Y = di+1 Qj+2...... aj , Z = dj+1 j+2....an

We see that x y ends in s; = s; and so X y%, x ¥°,...., xy™ (for all m) also end in
si. Thus for every m, vi, = x y™ z ends in s,, which is an accepting state

Y = ai+1,.....9j

Si=Sj

@x:alag....ai
/U Z= a.j+1...an

Example: Show that language L = {a" b™ : m is positive} is not regular.

Solution: Suppose on the contrary that L is regular. Then, by Kleene Theorem,
there exists a finite state automaton M which accept L = {a™ b™ : m is
positive}. Suppose M has k states. Let v = a* b* be a word. Then length of
v is greater than k, the number of states in M. Therefore, by Pumping Lemma,

V=XYZ,Yy#A.
and x y? z is also accepted by M.

If y consists of only a’s or only b’s, then v, = x y* z will not have same number
of a’s or b’s. If y consists of both a’s and b’s, then v, will have a’s following
b’s. In either case v, does not belong to L which is a contradiction. Thus L is
not regular.

5.8 Ambiguous Grammar

Definition: A context — free grammar G is called a ambiguous grammar if
there is at least one string in L(G) which has more than one derivation trees.

Example: Show that grammar G with productions
S—»>aS,S—>Sa,S—>a

is ambiguous.

Solution: We note that the string a a a can be generated by four derivation
trees

9]
SN PRI )]
Y]



259

(S=>aS=aaS=aaa) (S=>aS=aSa=aaa)
S S
S a and S a
S a a S
a a
(S=>Sa=>SSa=aaa) (S=>Sa=>aSa—=aaa)

Hence G is ambiguous.

Example: Show that the grammar

G={S}. {a +},S,P)
with production

P=(—>S+S,S—a)

is ambiguous.

Solution: We note that word a + a + a can be generated in two ways :

i)S=>S+S S
=S+S+S S S
=>a+S+S=—=a+a+S a S S
—at+a+ta

(i)S=S+S S
=S+S+S S S
=S+S+a S S a
—a+S+a
—at+a+a

Thus, the word a + a + a has two derivation tree. Hence G is ambiguous.



